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ABSTRACT 
Since the publication of a paper by Clark liv t^l, 
ttk& ne^tivo mod«!, 
-bx 
y sr Ae , 
has been widely accepted as the spatial pattern of intra-
urban population density distribution. This model is 
based on the assumption that the population densities of 
cities can be approximated by a circularly symmetric 
pattern and that the negative exponential function gives 
a reasonable fit. 
This model has proved to be a useful generalization 
and Wilkins and Shaw have shown it to be an expression of 
the average pattern of density distribution* 
It is not, however, the only model which has been 
developed. Sherratt (1961) derived a model for Sydney, 
y » Ae 
v^ich is also based on the assunption of circularly 
symmetry» Universality is also claimed for this model» 
Newling (1970) used Clark's original data to 
derive a model, ^ 
bx-cx^ 
y Ae 
vfhich give» ^ foctt«r f i t at and near tho c i t y contre% 
ThfO theoretical approach of Gurevidi and Saushkin 
while emphasising the question of circular synwietry has 
little practical application. 
Trend surface analysis provides a method of fitting 
a polynomial surface to population density distribution 
and removes the problem of definition of city centre and 
edge* 
Wollongong, being restricted by the sea to the east 
and the escarpment of the Illawarra range to the west, 
provides an extreme case of distortion from circular symmetry 
against which to test the universality of the Clark and 
other models» 
Data from the 1966 census is used to develop several 
models for Wollongong. The model based on Clark^s method 
using average density over annular rings, 
-0 .38x 
y = 3 • 4 9 e 
gives the high correlation of -0.94 between density and 
distance from the city centre. The total population as 
estimated by the model is, as expected, close but the 
population per radian indicates the poorness of the model 
for this city. 
The Clark method is then applied with the assumption 
of a rectangular rather than circular shape. The city 
was divided into a series of mile wide strips with the 
••centre", a line in the east-west direction approximating 
the main street of Wollongong. Of the rectilinear models 
so obtained the best fit was given by 
-0.28X 
á0.07e 
= f -o.: 
for X north 
y asx 
for X southf 
vAiere the northern section is considered to be a rectangle 
2*2 miles wide and the southern, 3»3 miles wide. This 
model gives the best estimate of total population» 
A model of the form ^ (x«c 
I ^ ^ 
y K A e 
i 
i» developed which is a good fit for Wollongong at this 
particular stage of its development» This model is diffieuH 
to derive and apply* 
The trend surface model giving the most significant 
fit is the quadratic polynomial« It presents boundary 
problems in application. 
The effect of choice of model in applied probl^s is 
iUustreted by the investigation of the^dlfferences in the 
estimotad msaber of co^ulaties in a nuclear weapon attd^k* 
This is shown thooroticelly, by comparing result» for Clark^s 
and Sherratt*s models* The variation for Wollongong if 
shown using four of the models* 
Real cities usually deviate from circular synunetry 
to some degree ond if a model based on circular symmetry 
is to be applied with confidence, a measure of the significance 
of this deviation is necessary. This measure should also be 
based on the distribution of people rather than the shape 
of the boundary* Three such measures are proposed* The 
density-difference index confirms the distortion of 
2 
Wollongong from circular symmetry and theTC measure shows 
this distortion to be significant at the OtOOl level* 
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CHAPTER 1 INIHA-URmN POPULAHC^ DISlHIBUnON AS A 
NEGAHVE EXPOhEWTIAL FUNCHON 
U 1 Clark* s Model 
In a seminal paper, Clark in 1951, defined the 
spatial pattern of intra-urban population distribution by 
the equation 
-bx 
y = Ae , 
v^ich relates y, the population in thousands per square mile 
to X, the distance from the city centre. A is the density 
at the city centre and b measures the rate of decline of 
density. 
This model was derived by Clark after examination 
of data available for 36 cities. The total population and, 
hence, the density was calculated for a series of concentric 
rings about ihe centre of the city at each mile radius. When 
ihe natural logarithm of density is used, the model becanes 
In y ss InA-bx, 
and the parameters A and b are readily calculated using the 
least squares method. 
Clark's model is subject to two basic qualifications 
a) No allowance is made for a central business district not 
available for residences. The constant, A, is therefore, 
a hypothetical central density. 
b) It is assumed that the city can spread uniformly in all 
directions and that all land is a\dlable for residences. 
3 0009 02987 9264 
Clark (1970) states that this equation is a "fundamental law" 
relating density and distance from the city centre and credits 
Bleicher witl? its discovery in 1892. (Pl*^) 
l.l»l Population within Radius r 
The population, F (r), within a given radius r, 
c 
may be calculated from Clark's equation 
5. -rb 
P (r) =5 2nk \ e r dr 
c 1 
-2 -br 
= 2rTAb [l-(l+br)e ]• 
Total Population 
The total population of a city may be considered 
to be the pqpulation within radius r, as x^m From Clark's 
equation, the total peculation is given by 
-2 
F 2iTAb 
c 
-bi 
since e -#^0 as 
1,2 A Theoretical Derivation of the Negative 
Exponential Function 
Stewart and Warntz (1958) have derived a model 
which is essentially the same as Clark's* 
Ihey have defined a "standard" city (P»99) as one 
which is circular in shape with a maximum density at the centre. 
Ihe density drops radially in such a way that it is halved at 
equal steps of length a, from the centre* Using this description 
of a city, the density D^ at a distance r from the centre is 
given by 
-r/a 
D » D 2 
r 0 
v^iere D is the density at the city centre, 
0 
If the simple substitution 
a ss bin 2, 
is made in this model derived by Stewart and Warntz it becomes, 
-.rb/Jn2 
D D 2 
r 0 
-rb ln2 
= D e (since 2 = e ) , 
0 
vdiich is identical with Clark's modelé 
1#3 Goodness of Fit of the Model 
Clark (1951) claimed that his model "appears 
to be true for all times and all places studied from 1801 
to the present day, and from Los Angeles to Budapest"» 
(P490). While 36 cities are too few to assert "ttve »aiversality 
of the model, other research work has tended to support this 
view. (Compare Alonso 1960, Muth 1961, Weiss, 1961; Berry et 
al, 1963; Newling, 1966; Romashkin, 1967; Chorely and Haggett, 
1967; Berry and Horton, 1970; Marsden, 1970)• 
Berry (1963) states that a "statistically significant 
negative exponential relationship between density and distance" 
(P»391) appeaâ à to exist. Clark, however, offers no evidence 
of goodness of fit and an examination of the 35 graphs in his 
article reveals that, in some cases, the regression line was 
calculated from few data points (e.g. 5 points for Oslo, 1938 
and 4 for Dublin 1936). Then, too, while some regression lines 
appear to f it the data closely (e .g . Sydney, 1947), others 
show great variation (e .g . Chicago, 1940). Newling (1969) 
has claimed that a different model better fits the data (see 
Chapter 2 ) . 
Berry (1963) seems to take the correlation between 
density and distance from the centre as the measure of goodness 
of fit - "the weakest correlation between density and distance 
(is) -.0.97". (P.391)# 
Now, Clark's methodology replaces the real qJty 
with a hypothetical, circularly symmetric city which has "the 
same number of people living at each mile radius as the real 
city. The regression line is calculated for the hypothetical 
city and the coefficient of correlation indicates ihe f it of 
this regression line to the hypothetical city. I t is n ^ a 
measure of fit of the model to the real city unless the real 
city closely approximates circular symmetry. 
1 .4 Clark's Modification of Methodology 
Clark (1951) suggests a modification of his 
methodology to overcome the problem of apportioning population 
in census districts (or other divisions) y^ich lie across the 
boundaries of the annular rings. Instead of population density 
over annular rings, the average density of each census district 
is to be plotted against its mean distance from the centre. 
Thus the density is obtained for many values of 
X, the distance from the centre, and the regression line fitted. 
For this model there is no prior assumption of circularity al-
thou^ the resultant equation is assymed to fit a circularly 
symmetric city. Once again, if the real city deviates markedly 
from circular symmetry, the model will not be a good f it , even 
thoucji the recession line fits the data well« 
1#5 Extensions of Clark's Model 
If Clark's modified procedure is extended so that 
the density is samf?J[«d at an infinite number of points and if 
direction is taken into consideration, then Clark's model 
becomes ^ M -br 
JL ( D(r,o}= Ae 
7a ) ^ 
#iere D(r,G) is the density at the point with polar coordinates 
(r,6) , the city centre being taken as the centre of the polar 
coordinate system. 
Wilkins (1968) has shown that this is, at times, 
a more useful form of ttie model (see 1.7) • 
Dacey (1968) has attenpted a similar transformation. 
He defines the density at a point (x,y) from the centre as the 
function g(x,y) . Then, he claims, the density function for 
population at a distance, r , from the city centre (a,b) can 
"using Clark's mettiod" (p.233) be defined ast 
g(r5a,b) ss i f g(x,y)dx dy. 
2 2 i 
[(x-a) ] = r 
In order to examine the meaning of this ex-
presGion, we will simplify it by conGidering the case where 
the city centre is the centre of the coordinate system. Then 
g(r;0,0)= \ \ g(x,y)dx dy. 
(x+y )"=:r 
This would indicate that g(r;0,0) represents the sum of the 
densities g(x,y) for each of the elemental areas, dx dy, 
z 
such that r==(x +y ) is a constant^. 
Dacey's formalism is wrong.. Tlie correct ex-
pression for g(r;0,0) is 
\g(x,y) ds integrating 
2iTr; ^ 
X 2 
around the circle x +y .On converting to polar coordin-
ates and taking g(x,y)= D(r,6) , we obtain j/rr 
g(r;0,0)=:l_ \ D(r , e ) d e , 
2iTr J o 
v;hich is the same result as that obtained by Vi ilk ins using . 
Clark's method*. 
1.6 Variation of Parameters with Direction. 
Berry and Horton (1970) suggest that a single 
equation for the whole city may be an oversimplification.. 
Their analysis of VUnsborough*s figures for Chicago and his 
division of the city into five sectors supports the nega'tive 
exponential decline of density with distance from the city 
centre although the rate of decline may vary according to 
direction from the centre» 
Since no real city is circularly symmetrical 
this approach would seem practical, 
1*7 The "Average" Nature of Clark's Model 
It is obvious from Clark's method of deriving hi^i 
result that it is a statement about the average value, of pop-
ulation densities at distance x from the city centre. There is 
however, the assumption of a constant rate of decrease of 
population density from the centre of the city to the outer 
boundary along any ray» For such a city the isolines of con-
stant density would be concentric circles with their common 
centre at the pole* 
Wilkins and the present author (1969) have shown 
that a city may in fact be quite asymmetric and still be adequately 
described by Clark's equation. 
As a simple example of this, consider a hypothetical 
city with central density 1 in which 
-br -br 
D(r,e) e {l+(l--e )sin © 
where b is a positive constant and D(r,6) represents the density 
at the point (r,6)• For convenience, the city is assumed to 
extend to infinity in all directions. 
The function D(r,6) gives a continuous surface. 
The density is strictly decreasing along any ray as r increases 
from zero, since 
Figure 1>1 
Graph of z against 6 
Figure 1#2 
Graph of br against z 
f. 
k « y 
& 
Fißore. • C-rtì^i^h çf ^ c^ainñ^ 
^J^(i-iírr^) 
C ir- ^ ¿/P 
é 
ñ^urei-a: of br ^^^»^ç/- g. 
\ 
—br -Jbr 
"TMiiSlsc-be [1+sin «(l-2e )] 
is negative (except vtìiere r s 0 and 6 s « 
In order that the isolines of this city may be 
discussed, it is convenient to introduce ttie variable 
-br 
z = e * 
Ihen for the isoline along v\tfiich D(r,6) has 
the value k (0<k<l since the central density has been de-
fined as 1), z and 9 are related by 
K M 
sin € z + z-1 » 
Ihen 
dz cosd z2 (z-1)'^ 
The graph of z against 0 is as indicated in Figure 
The equation of an isoline D(r,d) « k is found 
by solving 
k h^ 
sin Ó » z + z-l 
for z and converting to the polar variable r* It is 
2 i 
br = ÌLn2̂ - Iniil-fsin 6 - (l+2(l-2k)sine sin e) ]/sine} • 
When sin 0 0 {6 - 0,2rr) the value of br may be calculated 
directly from the original ecfuation which becomes 
D(r,e) sr k » e 
• 
. • br -In k# 
The graph of br against 6 is sketched in figure 1.2' • 
Ihe isolines for k - O.Ol, 0.50 and 0.99 are 
given in figures 1»3 and 1.4 • 

Fijare 
k-û'ûl lùr 
n^írtr tS^ohne. t 
f-Z-O'l^O iû/" 
inn^ ¡¿ohne. 
h^ür^ h 4-, 
Inline, (ûf 
The density of population per radian is given by 
lim \ 1 D(r ,a)r dr de s 1 (1 + 3 sin 6) • 
AeX) I 1 ^ P 4 
This exhibits a considerable degree of oscillation. 
All the above points show that the hypothetical 
city has a rather complicated non-circular structure. Yet 
on the other hand 
2rT 2rT -br -br 
( D(r,e)d6 f e [l+(l-e )sin 6]de 
2rT } 2IT ) 
0 0 
-br 
and so it satisfies Clark's equation. Clark's model is thBrefore 
seen as a generalisation^ a statement about the average pattern 
of intra-urban population distribution. 
1.8 The Axiom of Intra-Urban Structure 
Clark's model has been assumed by many authors 
to be an "axiom of intra-urban structure". (Berry and Horton, 
1970, P276) and research work has centred around such aspects 
as the behaviour of the density gradient, b, through time, 
the interpretation of the hypothetical central density, A, 
intra-urban growth, critical density and explanations of 
the generality of the model. (For further details see Clark, 
1951| Alonso, 1961; Muth I96I5 Weiss, 1961; Berry et al, 1963; 
Newling, 1966 and 1969$ Wihsborou^, 1962; Chorley and Haggett, 
1967, Berry and Horton, 1970, Marsden, 1970). 
In a concluding statement, Berry and Horton 
(1970) claim to have shown that "the makings of a wide-
ranging and explanatory system for the pattern of population 
in a large metropolis" (p302) exist. 
In this thesis, however, we are concerned with 
the model itself and, in particular with extension of the 
negative exponential model to the specific urban area centred 
on Wollongong. We are not concerned with explanations of 
the model nor with the growth of the city. 
1.9 Problems to be Investigated 
From the preceding discussion the following 
problems arise. 
1.9.1 Ihe Only Model 
In spite of the overwhelming dominance of the 
Clark model in the literature there are, other models which 
have been developed and these will be discussed in detail 
in Chapter 2. It is interesting to note that Berry et al 
(1963, p391) quote one of these other models, namely Sherratt's 
normal distribution model as supporting evidence for the uni-
versality of Clark's model (P391) • 
1.9.2 A Model for Wollongong 
Wollongong is a city which does not approach 
circular symmetry. The question arises #iether a model dev-
eloped on the basis of circularity can fit this city or 
whether some new approach is necessary. 
In Chapter 3 various models will be developed 
for the city of Wollongong and an attempt will be made to 
determine the goodness of fit of the models. 
The Effect of Choice of Model 
Models may be developed as a first step in the 
solution of problems particularly in operations research. 
Sherratt, (1961) for example, developed his city model as 
an essential preliminary to the quantitative solution of 
a problem concerning the extension of gas mains to give 
the best service to a rapidly expanding community and at the 
same time, to be financially satisfactory to the Gas Company. 
What effect does the choice of model for a city 
have on the solution of such problems in applied mathematics? 
This question will be examined in Chapter 4 
in relation to the estimation of the number of casualties 
resulting from a nuclear weapon attackĵ  
1.9#4 Shape Distortion 
The closer a real city approximates circular 
symmetry, the more realistic is the fit of the Clark and 
other models. A measure of the amount of detfiation from this 
ideal circular shape is therefore of importance. Such 
measures will be discussed in Chapter 5* 
CHAPIBR 2 A CRinCAL REVIEW OF ALTERNATE MODELS 
Althou^ the negative exponential function has 
been widely accepted as an adequate statistical explanation 
of intra-urban population distribution other models have 
been considered, particularly in the operations research, 
applied mathematics and regional science literature. The 
most commonly accepted alternate model is that of the normal 
distribution of population about the city centre. Ihis is 
based on the assumption that the locations of individuals are 
the outcomes of stochastic or random processes. 
2.1 Sherratt's Model 
Sherratt (1960) developed a model for the city 
of Sydney by plotting the density of dwellings per acre, D, 
against the distance, r, in miles from an arbitrarily selected 
city centre (namely the G.P.O). He found that the points so 
obtained lie on or near a series of curves of the form 
2 2 
-r /2ar 
D = D e 
0 
vyiiere D is the density at the city centre andtris a para-
0 
meter varying with direction. 
He further stated that if the asymmetrical dis-
tribution is replaced by an imaginary symmetric normal dis-
tribution with the same total population of dwellings, then the 
variable parameter,^, may be replaced by a constant. 
Wilkins (1968) has supported this point. Sherratt's 
model is rewritten in the more general form 
where D(r,6i is the density at a point with polar coordinates 
(r,e) ando((6i 
is a function of the direction By considering 
the population density per radian he shows, generally, that 
in order to consider population and the area over which it 
spreads it is sufficient to consider the symmetric city for 
which 
D(r,e) = f(r/5) 
wheretZ is a constant independent of the direction, ©• 
2.1.1 Comparison of Parameters 
In sections 1.1.1 and 1.1.2, the population with-
in the radius, r, and the total population of a city re-
presented by Clark's model were derived as 
-2 -br 
P (r) = 2rTAb [l-(l'fbr)e ] 
c 
-2 
and P 2rrAb 
c respectively. From Sherratt's model similar results may be 
derived. 
The population within a radius r is 
2 2 
2tf ^ -T /2Cr 
F (r) = D r ( r e dr dO 
s 0 J ) 
0 0 2 2 
2 ^r /2<T 
As T̂ cof the total population is found to be 
2 
F = 2rrDCr» 
s 0 
If one symmetric city extending infinitely in all 
directions is being considered, the total population, p , 
c 
should equal the total population p , and A D since both 
s 0 
represent the density at the city centre. 
-2 2 
Therefore b srCT. 
Both b and CT are positive constants and socTsr 1 , 
b 
Sherratt's model may be rewritten as 
2 2 
-r b /2 
D - A e 
where A and b are the parameters of Clark's equation»-
2.1.2 A Method of Deriving <r 
Hunter (1965) suggests a method of determiningi^T 
apart from the normal procedure of taking density samples 
for various values of r and using a least squares technique 
2 
to find D andCf, Since P =- 2rTDCf 
0 s 9 2 2 -r /2cr' 
P (r) 2rTDCr[l~e ] 
s 0 2 2 
-.r /2cr 
5 
where P (r) is the population within a radius r, and P' is 
s s 
the total population as before. If r is the value of r 
0 
such that 
P> (r ): « ̂  , 
s 0 s 
ttien -F[J-e ] 
s s 
2 2 
Therefore -r / V ^ 
0 
i ~ e 
2 2 
in2 
That is 
and r 
0 
2ifi2 
- 0»8493r • 
0 
2»1»3 Sherratt's Dwelling Density 
It must be remembered that Sherratt's model was 
derived from an empirical study of dwelling distribution rather 
than for population distribution. He does, in fact, note 
that this model »»could be in terms of people rather than 
dwellings" (P150)• 
If this is so, then one could expect to find a 
high correlation between dwellings and population.Figures for 
Wollongong give this correlation as 40.84 with a standard error 
of 0.03, which suggests thqt a transference of the model from 
dwellings to population might be acceptable. 
Some research workers (Hunter 1965 and Weiss, 
1961, for example) have used Sherratt's model to describe 
population density distribution without commenting on this 
point. 
Sherratt generalises the validity of the model 
in the statement that "we have observed that, not merely in 
Australia, but all over the world the normal distribution 
of population is the general rule (P157). We does not, 
however, offer sufficient proof in his article to cause one 
to reject Clark's model, as this proof also depends on curve 
fitting and illustrative graphical detail with its accompany-
ing approximations* It does however suggest that there may 
not be a perfect universal model but that either or both 
may represent a sufficiently good universal model. The effect 
of choosing one or other model is analysed more fully in the 
discussion of Hunter's research in Chapter 4» (See also 
Wilkins and Shaw, 1969) • 
2 .1 .4 Modification for Small Scale Use 
Sherratt suggests that the finite area of a small 
district may be replaced by the truncated central portion of 
an infinite normal distribution having the same arenas the 
district it is replacing. The number of dwellings in such a 
truncated portion of radius r^ ss ̂ ^ p ^^ ^y 
P 
2n D cr(l-e 
4S4C op p 
where D represents the central density of dwellings per acre 
op 
for the district being considered. 
This implies that cities, towns, villages and 
even suburbs show a normal distribution of population densities. 
Perhaps this is a reasonable assumption to make| suburbs 
migfit well reflect in a minor way the overall density dis-
tribution. Sherratt has, however, offered slight evidence 
that this does occur. 
2.2 The Theoretical Models of Gurevich and Saushkin 
In constrast to the empirical approach of 
Clark and Sherratt, Gurevich and Saushkin (1966) have offered 
a theoretical approach to the development of models for the 
spatial pattern of intra-urban population distribution and 
hope that "geographers will apply this mathematical approach 
to the study of a number of concrete cities". (P35)• 
Ihey define a single centre city to be one in 
which the density of population, 6, reaches an absolute 
maximum, at a point, the centre of the city. This city 
centre is regarded as the centre of a polar coordinate system 
and the density at the point M(r,e) is the function 6(r,e)• 
Ihe density decreases (or remains constant) from the city centre 
outwards« 
If T(r,6) is defined as the rate at which the 
natural logarithm of the population density declines along a 
ray 9 s? constant, 
T(r,e) at-^^in&Cr.e) 
hT 
T and & are continuous functions and vhile 
theoretically O^r^^y in practice O'^r^a^^'y where a5ra(6) 
is a closed curve representing the outer boundary of the 
city and bdb(9) is a similar inner boundary* Ihis inner 
boundary, they claim, is necessary since 6Q is a hypothetical 
maximum (cf*. Clark, 1951 and Sherratt, I960 and others). 
The curve b(6) is defined in such a way that T is always 
positive* 
Since T ^ , 
h dr 
r 
5 ss- 5Qexp{~ f T dr"; 
r 
or 5 » &Qexp{- I T dr] 
if the inner boundary is to be considered. 
2#2.1 The Four City Types Suggested By Gurevich and 
Saushkin 
Gurevich and Saushkin consider four types of cities 
arising from variation in the function T. 
(a) T constantî  
In this case 
-Tr 
6 sŝ b̂ QO 
Which is identical with Clark^s formula (and, indeed, it 
is given the title of "Clark-type*® city)« 
The isolines for such a city would be concentric circles^ 
(b) Ts:T(e) 
In this case the rate of density decline is 
constant along any ray, 6 =r constartt, but changes from ray 
to ray. The density is then given by 
-.T(e)r 
The city "shape" would, of course, vary accord-
ing to The two examples suggested by Gurevich and 
Saushkin seem to be highly art i f ic ial . Indeed, if T(6)s5 |cos6l, 
the city is represented by a single main thoroughfare along 
which the density is the maximum 6 5 this appears to con-
0 
f l i c t with their original definition of a single-centre city. 
(c) T=rT(r): 
Here the rate of density decline is dependent 
only on r and 
r 
& = 6 exp{ - ^T(r)dr}# 
Sherratt^s model might be classified with this 
set of spatial patterns. 2 
If T = r A 2 2 
- r /2k 
then 6 s: 6 e 
0 
which is equivalent to Sherratt's model. 
(d) T rr A(r)B(e) 
In this case the rate of density decline is 
dependent on both r and 6 . Again the specific examples 
considered by Gurevich and Saushkin appear highly artificial, 
2 .2é2 An Extension by Gurevich 
Gurevich (1967) has continued the above theory 
of cities types by considering the possibility of T being 
negative. 
For example he considers a city where T s= « 1 . 
Then the density is given by 
& = 5 e with 6 
0 0 
The central city density is an absolute minimum 
and if the outer boundary is given by r = R , the total pop-
ulation is 
N ^ j f 6 e r d r d e 
0 0 0 
R R 
^ 2nb (1 + Re -e ) . 
0 
Gurevich suggests that Split in Yugoslavia 
might be such a city as its centre consists of old low 
density dwellings dating back to Roman times, surrounded by 
groups of high-rise buildings. In an unfortunate reversal 
of his argument he contradicts this statement by suggesting 
that the exponential expression " is not likely to apply 
in this case" (P728) and that Split might be better re-
presented by 
h — a¿r + 5 where</«» const .>0» 0 
This equation does not seem to fit the carefully 
developed theoretical appraoch. 
Some mathematical errors also occur. For example, 
Gurevich discusses a city with the density 
6 = r(cos T^-'-t) 
and a boundary function r = cos The boundary shown in 
2 
an accompanying diagram is, however, that given by r »cos Q̂ m 
(P728)• A further error occurs v^en a city, with density 
6 = 6 (1 + sin r) 
0 
is considered® 
Now T = - 1 ^ 
% ^T 
^ - 1 • cos r 
l+sinr 
^ cos r 
l+sinr 
v^ich is not 
T gr4^os r , as in the article® (p729) 
1+sinr 
2#2*3 A Criticism of Gurevich and Saushkin 
The work of Gurevich and Saushkin is a theoretical 
approach and as such seems to have little practical application. 
Having derived a possible set of city patterns, they hope 
that cities will be found to fit them. 
Ihey have defined the centre of the city as the 
point where the density is an absolute maximum and then 
state this is a hypothetical maximum. This difficulty is 
partially overcome by defining b = b(e)5 the inner boundary 
such that the density is a maximum along b (e) • This inner 
boundary, they ignore when the isolines of density for 
hypothetical cities are drawn. 
Then, too, the isoline approach ignores the 
average nature of models such as Sherratt's and Clark's. 
A Clark-type city is defined as having T = constant, for 
which the isolines would be concentric circles. (See Wilkins 
and Shaw, 1969 and Section 1 . 7 ) • 
The extension by Gurevich appears to conflict 
with the previous patterns of density distribution. The 
function, T(r,9) is defined such that the density function 
is exponential. That is 
r 
5(r,a) = b exp{ ^T(r,e)dr}. 
Gurevich, however, considers cities with a given density 
functionnot of this form. 
A further difficulty arises with the assumption 
that T can be negative. Theoretically, O^r^opfor any city, 
and the models of Clark and Sherratt may be applied to any 
city without absolute definition of boundaries. However, if 
T is negative, the boundary function, a(e) must be defined 
or the total city population becomes infinite. 
Gurevich and Saushkin have pointed out that 
in practice, 
The inner boundary function b(6) is defined for T positive 
(such that T is positive) but no definition of a(d) is dis-
cussed« 
2.3 Reinhardt's Model 
In a footnote, Winsborough (1962) refers to a 
model developed by Reinhardt in 1950. This model is given 
as -rr/b 
D 55^k(l+r)e 
vtfhere D is the density at a distance r from the city centre, 
and b and k are parameters derived from the data. 
This model predates that of Clark. It may be 
that it was specifically derived for one city • 
This model lacks "the simplidity of either 
Clark's or Sherratt's models which, if good enough in terms 
of statistical fit, would be preferred. 
2.4 The Density Crater and Newling's Model 
Newling (1969) has re-«xamined Clark's original 
data by enlarging the 35 maps presented by him in his 1951 
article to ten times the size and measuring the points re-
presented. Clark's model assumes a hypothetical central 
density and »fewling suggests that a quadratic regression of 
the logarithm of density on distance would give a better 
generalisation as it would take into account the density 
crater usually found at the city centre. 
His model is of the form 
bx-^x^ 
D =rD e 
0 
where D is the density x miles from the city cents, D is 
0 
the city centre density and b and c are parameters derived 
from the data. 
Applying this model to the Clark data, Newling 
claimed it to be validated in all but two of the 35 cases 
where errors of measurement could have influenced the results 
The parameter b is the instantaneous rate of 
change of density wi"Ui distance at the city centre since 
bx-cx^ 
^ (b-2cx)p e 
dx 0 
ST (b-2cx)D. 
Thus v\̂ en x =: 0, that is at the city centre, the rate of 
change of density is given by b. 
If b is negative there is a continuous decrease 
in density fronn the centre outwards, and if b is positive 
there is an increase in density from the city centre to a 
maximtjmi at x s b^ and then a decrease. When b = 0, ihexe 
2c 
is a normal distribution of population - Sherratt's model» 
This model assumes c to be a positive constant and, indeed, 
it was a negative value for c vdaich invalidated the two 
cases mentioned above* 
The density D at the pejrineter of the urban-
ised area is given by ^ 2 
br-cr 
D e 
P 0 
The radius of the urbanised area, r, is found 
by solving tbis equation to give 
r = ^ + b + 4c ln(D /d )\/2c. 
^ O p 
Ihe crest or maximum density occurs when x = b^ 
2c and is therefore 
y?/4c 
D e • 
max 0 
Ihe points of inflection of the curve occur at 
X =r b + /ic 
and the density at each of these points is 
D ¡=tD e 
inf 0 2 2 
b /4c 
0#607 D e 
0 
60.7/of D • 
max 
2.4#1 Total Population U^nq Newling's Model 
The total population of the theoretically desirable 
infinite c ity (not considered by Newiing) is given by 
2 
^ ^ bx«cx 
P =- D̂  f 6 ^^ ^^ ^^ 
2 CO 2 
b /4c ( -.c(x b/2c) 
= 2fTD e 1 xe dx 
0 0 
i f a [1 + b T^ e ))1 
^ c 2i/c 2JS 
where erfr(x) is the error-function» 
2.4,2 Comments on Newiing*s Model 
Newiing's model appears to give considerable 
information about the distribution of population close to 
the city centre» He suggests that the distance of the 
crest from the centre gives a measure of the age of the cityj 
that is , the density prof i le , dependent on the sign and size 
of the parameter, b, presents a method of classifying city 
growth. 
His model, however, does not seem to f i t data 
distant from the centre• Newiing omitted from his ca l -
culations some edge densities claiming these to be not truly 
urban. 
One can not really assess the accuracy of the 
above points as no measure of goodness of f i t is presented 
other than the necessity for the parameter, c , to be positive, 
and this point is not explored either. 
The model seems unnecessarily complicated. The 
existence of a density crater at the centre of most cities 
is recognised and indeed the measure of the hypothetical 
central density appears to add information about the city« 
(cf, Clark, 1951; Winsborough, 1962; Duncan, 1957; Berry 
et al, 1963; Berry and Horton, 1970)• Ihe determination 
of the distance of maximum density could be more simply 
determined from the raw data. Berry and Horton (1970) make. 
the point that, at present, "retention of the linear form 
also makes possible comparison with similar studies of 
other cities"» (P302) . Clark (1970) supports this point 
of view and states that the "exponential formula served 
reasonably well to describe the fairly simple structure of 
cities in the past. Newling's improvement undoubtedly gives 
us a better description of modern cities, with their large 
central business zones"» (Pl.7)» 
2»5 Pacey's Multi-Centre Model 
Dacey has extended his model for a single-
centre city to cover the situation where two or more centres 
are present. He assumes a city with population P having 
two centres at (â Ĵ i and (a ,b ) • This implies two in-
2 2 
dependent populations P and P f distributed about 
1 2 1 
(a ) and (a ,b ) resoectively. Then if (a,b) is taken 1 1 2 2 
as the c i t y centre, the density of population at distance 
r from (a,b) becomes 
g (r ja jb) + g (r;a,b) = g(r|a,b) 
1 2 
v\^ere g (r jajb) is the density function for population P 9 
i i 
as discussed in section 
This may be extended to a c i t y with n population 
centres. 
n 
g(r5a,b) = X 9 (rja^b), 
i - I i 
This model could be e f f e c t i v e l y used to des-
cribe the population density distribution of a c i t y with well 
defined, mutually exclusive but overlapping sub-populations 
such as racial groups. I t i s , however, necessary to identi fy 
these sub-populations and calculate the distribution of each 
before the total c i t y model can be developed. 
2m6 The Trend Surface 
The trend surface is a polynomial surface r e -
lat ing 2, anareally distributed variable to x and y, r e -
presenting locational rectangular coordinates. This poly-
nomial surfacd which may be of l inear, quadratic, cubic or 
quartic form is f i t t e d by means of the least squares technique. 
Computer programmes have been developed for this purpose and 
a l l four surfaces are eas i ly obtained. An analysis of variance 
enables the surface which is of the simplest form while 
significantly accounting for most variation, to be 
Since population may be considered to be an 
areally distributed variable, this technique represents 
another method of developing a model of the population density 
distribution of a city. The models previously discussed have 
connected the density of population with distance from the 
city centre» Ihey either assume circular symmetry or give 
a series of similar equations with parameters varying with 
direction or as in the models of Gurevich and Saushkin, an 
equation allowing for variation (or constancy) with distance 
and direction. Each of these, however, require identification 
of a city centre. The trend surface does not require a point 
so defined and any axes of reference, provided they are 
identified and constant, are sufficient. 
The trend surface is so called because it gives 
an indication of the general trend of the areqlly dis-
tributed variable. It separates regionally systematic var-
iations from localised (or even random) ones. These localised 
variations may, for some research, be important and are in-
dicated by the residuals, the differences between the fitted 
surface and the data. Ihe removal of the general trend helps 
to isolate these areas of localised variation, (cf. Fairbairn 
and Robinson, 1967; Robinson and Fairbairn, 1969)» 
Chorley and Haggett (1965) have extensively re-
viewed the field of trend surface mapping and have outlined 
many ways in which this technique might be exploited in 
geography. Geologists, too, have made use of the trend 
surface, particularly in the search for oil, gas and minerals 
(Kruimbein and Graybill, 1965). 
Applied to population density distribution the 
trend surface describes the general trend or pattern of this 
distribution and is not dependent on a defined city centre. 
The points (x ,y ) may be taken as the centre of i"'̂  census 
i i 
district distant x and y from any convenient set of axes, 
i i 
and z is the density of this district. The points (x y ) 
i i i 
need not be regularly spaced. Once the surface is obtained, 
the densities can be found for a network of regularly spaced 
points and contour lines showing the trend of density dis-
tribution may be drawn. 
The effects of crowding in suburban centres and 
of areas of no population (lakes etc) are eliminated. 
One problem remains, however, and that is the 
definition of the edge of the city. Wi"Ui a circular city 
model, a city extending infinitely in all directions may be 
considered* With the trend surface, only a part of this 
surface is applicable to the city and the "centre" or point(s) 
of maximum density need not be within the city boundaries. 
Calculation of total population is, therefore, difficult 
involving integration ©f over an irregularly shaped region. 
Wilkins' Model 
Viilkins (1968) points out that additional in-
sight into intra-urban population distribution may be gained 
by considering, as well as the fitted surface D(r ,6 ) , the 
function A(D) vfliere A(D) is the measure or area of the region 
S(D) determined by 
S(D)^ = {(r,e) : D(R,6)>D}. 
Ihe data will consist of a number of census 
districts (or other suitable regions), each with an associated 
area, A, and population P; from which the average density 
Pi 
^ a J nisiy be calculated. 
For any particular value of D say Dj^, one could 
calculate A such that^A is the sum of the areas of 
k i i 
all districts having densities^D » The function A(D) could 
k 
•tiien be approximately obtained by fitting a curve to the set 
of points (D ) where D varies from D to D • 
k i k max min 
As defined, S3(D) is that region of the city over 
which the density i s ^ D , so that 
A(D) ~ [ r dr DE. 
S(D) 
It should be remembered that S(D) is not nec-
essarily a contiguous area, ihe function A(D) is a non-
increasing function of D. 
Wilkins has developed this model and has 
suggested that it might be applied to solve some problems 
in operations research. 
It should be noted that the cartographer follows 
this technique to some extent by drawing contour lines of 
equal density. Ihe function A(D)' expresses mathematicattjf'r-
the increase of area contained within contour lines as their 
number 
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3> DEVELOPMENT OF A MODEL OF IN'mA-URBAN 
POPULATION DISTRIBUTION FOR THE CITY CF 
WOLLONGO^ 
Wollongong, the seventh largest city in Australia, 
is situated on a narrow coastal plain, some fifty miles south 
of Sydney. It is limited to the east by the Pacific Ocean 
and to the west by the Illawarra Escarpment of the Sydney 
Basin (see Map 3.1)» As a result it is far from the ideal 
circular shape and, as such, represents an extreme case 
against which to test the universality of models of intra-
urban population density distribution such as Clark's and 
^erratt 's . 
The city of Wollongong has been established by 
the absorption of well established townships together with 
the addition of new housing areas many of which were developed 
by the Housing Commission of N.S.W. These latter exist as 
pockets of relatively dense population surrounded by vacant 
or sparsely populated land. 
3 .1 The Data 
Relevant maps and figures from the 1966 census 
were obtained for the Wollongong area from the Bureau of 
Census and Statistics. 
The city of Wollongong was taken to be that area 
defined by the Bureau as urban Wollongong. The outer boundaries 
therefore» are defined by the boundaries of the outer census 
districts* (See map 3.1, and the criteria for the delimitation 
of urban boundaries as set out by the Bureau - Appendix A)• 
The information for neighbouring census dis-
tricts, such as 21Aa2̂  and 21Aa2j was combined and such in-
formation is listed for each combined census district, say 
21Aa. The resultant combined districts have an average area 
of 0.5sq.ua!re miles with a range of 0.07 to 3.78 square 
miles. In this way the effects of some minor local variations 
of density were smoothed out while still leaving a sufficiently 
large number (119) of districts for statistical purposes. 
In the case of census districts: 20ICiĵ »to 20lCg, 
it was felt that to combine these would give a false picture 
of the population distribution. The total area of 20lc would 
have been 6.5 square miles, and in this rapidly expanding 
housing commission area there are areas of high density next 
to areas with no population. After an inspection of the total, 
area, it was decided to divide it into five combined districts 
201C^ 2010^, 2 0 1 2 0 1 C ^ , and 20IC^^Q. 
The information for some census districts was 
presented by the Bureau in combined form. 21Ff represents 
the Wollongong Hospital population and this was combined 
with 2lFe, an area surrounding 21Ff. Since the combined 
area of 2lFe and 2lFf was only 0.11 square miles, it was 
Map 3.2. 
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Wollongong'Showing Census Districts 
decided to leave this as a combined district. A similar 
decision was made in regard to four hostels. The combined 
districts 21 Bhj^, aiHd^e, 21Hfgj, 21 H^^h each represent 
a hostel and the surrounding census district. 
Each combined district was inspected and its 
"centre** of population was decided. This centre was deter-
mined by inspection of local street maps to find the clustering 
and distribution of streets, the assumption being that the 
houses and hence population is greatest where the number of 
streets is greatest* Inspection of the area itself was 
carried out in cases of uncertainty. (See Map 3.2)» 
For each combined area, the following in-
formation 
was recorded — the population! D, the number 
of dwellings} A, the area in square miles; d, the density 
of population in thousands per square milej x and y, the 
distance in miles of the centre of each combined district 
from the arbitrary axes (the edges of the map) and r, the 
distance in miles from the city centre» (See Appendix B) 
Maps in this thesis are illustrative only and 
were not those used to calculate any of the data. 
3 . 2 The Centre of Wollongong 
The centre of the ideal circularly symmetric 
city wtiich extends outwards uniformly in all directions, 
is quite clearly the centre of the circle defining the city 
boundary or any of the isolines of dqual density. The 
definition of the centre of a non-circular city or one 
distorted in any way presents greater problems• 
The centre of a city is usually taken to be the 
centre of the central business district and, for most cities 
approximating circularity this is an area of low population 
density or density crater. For Wollongong, this CSD is 
not clearly defined because of the scale being used. Larger 
cities have extensive CBD's extending beyond the inner circle 
of -J- mile radius but for Wollongong this inner circle becomes 
an area of peak population density rather than a density crater» 
3.2.1 The Centre of Gravity of Population as the City Centre 
One mi^t consider the centre of gravity of 
population to be the city centre» The coordinates (x,y) of 
this point are given by 
21x P 
X = i i 
and y - i i 
1 
where (x ^y ))' are the coordinates of the combined dis-
i i' 
trict and P is the population of that district, 
i 
The point (x,y) was calculated for Wollongong 
and is marked on Map 3.2^ This centre of population is just 
north of the industrial complex at Port Kembla. The growth 
of Wollongong as a city has boon largely the result of the 
development of h^dvy industry and it would seem that iJriis 
has influenced the siting of dwellings since most of the 
new areas of development are south of this point. 
3 .2*2 The Subjective Centre 
Does the choice of city centre matter? 
Obviously, a shift in city centre will alter the 
parameters of any model which depends on distance from the 
centre. To this extent the final form of the model depends 
on the choice of centre, and must always be considered in 
relation to it. Ihe exact location of the point called 
the centre is therefore unimportant, provided that the 
centre is given Yiith the model. For comparative purposes, 
a centre within the CBD should be chosen. 
For this thesis, the city centre has been selected 
as the common point of the combined districts 21Gf, 21Gg, 
21Gi and 21Gj. Ihis point lies in the main street of the 
Wollongong shopping centre. It virtually coincides with the 
peak land value^ and is a traffic focus. It also represents 
1. Private Communication: Dr. R. Robinson, Senior Lecturer 
in Geography, Wollongong University College. 
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a reasonable compromise between the placement of business, 
professional and administrative centres. (Compare Sherratt's 
choice of the G .P .O , as the centre of Sydney, 1961) • 
3 . 3 Wollongong and Clark*s Model 
Clark's method of deriving the parameters for the 
negative exponential function by the use of the average 
density over mile wide rings would seem to be inaccurate 
for Wollongong because of the extreme portion of those rings, 
after the first which lie outside the city boundaries (see 
Map 3 .3) . 
3 . 3 . 1 Clark Model 1 
In order to test this method for the city of 
Wollongong, the population of each combined district was 
considered to be at the centre of each district, that is, 
no apportionment of population was carried out. The 
population at the centre of the city was taken as the total 
population for those combined districts where O ^ r ^ O . S , 
where r is the distance of the centre of the district from 
the centre of the city. The population k miles from the 
centre was taken as the sum of the populations of the com-
bined districts for which the distance from ihe city centre 
was (k-O.S) r <C (k+0.5) miles. Thus the total population 
was obtained at the city centre and at each mile from it . 
I t is to be noted that Clark (1951) did apportion population 
Cíark!s M€>clei O^int^ fh^t^oiar Rmj^s 9ot UoHon^on^ 
Table 3#1 
CLAfgĈ S MODEL USIiJG ANNULAR RINi?? FOR W(XLQNGQNG 
r P> A 1 d in d 1 
0 3.6 0.79 4.50 1.5 
1 20.9 6.28 3.33 1.2 
2 21.1 12.56 1.68 0.5 
3 16.6 18.84 0.83 -0.1 
4 36.6 25.12 1.46 0.4 
5 15.7 31.40 0.50 -1.7 
6 5.0 37.68 o;i3 -2.0 
7 8.6 43.96 0.20 -1.6 
8 11.8 50.24 -1.5 
9 7.8 56.52 o;i4 -2.0 
10 7.2 62^80 0.11 -2.2 
11 
i 
4.1 69.08 0.06 -2.8 
il2 1.0 75.36 0.03 -3,5 
F - population in thousands 
r - distance in miles from city centre 
A - area of annular rings 
d - density of population in thousands per square mile 
In d - natural logarithm of the density 
161.0 - total population 
^ k ^ 490 - area enclosed by circle of radius r = 12,5 
Regression line t In y - in A - br 
1.25 - 0»38r 
Clark's Model : Y ̂ ^ 
Correlation of density wit^ distance from centre=r-.o,94, 
where census districts were €ut by the concentric circles 
about the centre. It was felt that for a city as distorted 
from circularly symmetry as is Wollongong that this additional 
accuracy was unnecessary. 
The results were tabulated (see table 3.1) and 
the regression line was calculated. The resultant density 
function was 
-0.38r 
y=::3.49e 
The correlation between the natural logarithm 
of the density and distance from the centre was -0.94, 
an extreaely high correlation. 
This correlation of density with distance would 
suggest that the model '•fiti* the city extremely well. The 
model, however, does not fit Wollongong itself but a hypo-
thetical circularly symmetric city which has the same number 
of people living at each mile radius from the common centre. 
This substitution of a hypothetical city for the real one 
is, of course, the basic assumption of the Clark model. 
The problem arises in the case of a city as 
distorted from the circular as Wollongong, of whether the 
assumption of circularity seriously (or significantly) 
affects the model. Measures of distortion will be dis-
cussed in Chapter 5. However, on^ method of investigating goodness of 
fit is to consider the density of population per radian, given 
by rA© ^^-br 
l Ae r dr d6 A 24^2. \ A§ p 
e This means that the number of people living 
along any ray © constant is 24«2 thousands, Multiplying 
this by Qtr gives the total population of the city extending 
infinitely in all directions as measured by the model. This 
is 152 thousands which slightly underestimates the actual 
total, ( — thousands)» 
For Wollongong, the population per radian is 
overestimated if the ray, 6 - constant, is to the east or 
west and underestimated to the north and south» 
It would seem that this model gives a reasonable 
fit if the whole city is being considered or if the population 
within a given radius is required. 
I f , however, only a section of the city is beiog 
considered the model does not f it , 
3 . 3 , 2 Clark Model 2 
A second model was constructed for comparison 
with Clark Model 1 , For this model the population was cal-
culated at the centre and at each mile radius as for the 
previous model. The area occupied by each population P^(i=0 ,l , , ,12) 
was calculated in a similar manner. That is, the area at the 
Chrk^ Mtodai Usln^ Area £>f Co^htn^ 1>i stncts. 
Table 3>2 
CLAraĈ S MODEL USING AREA OF CCMBINHrmSIRICTS 
r P A d Ind 
0 3.6 0.6 6.0 1.8 
I 20.9 5.1 4.1 1.4 
2 21.1 5.0 4.2 1.4 
3 16.6 8.6 1.9 0^6 
4 36.6 9.0 4.1 1.4 
5 15.7 8.3 1.9 0.6 
6 5.0 2.1 2.4 0.9 
7 8.6 4 .3 2.0 0.7 
8 11.8 4.0 3.0 1.1 
9 7.8 3.8 2.1 0.7 
10 7.2 5.0 1.5 0.4 
11 4.1 3.3 1.2 0.2: 
12 1.9 5.0 0.4 -0.9 
r,P^A,d,lnd as in Table 3.1 
= 16I.0 - Total population 
SA =r 64.1 - Area of Wollongong within census 
boundaries 
Regression Line t Iny = InA - br. 
1.69 - OaSr 
CI ark « s Model i y = Ae-^3: 
- 5.4e-0»l5r 
Correlation of density with distance from cen-tee » 
centre was taken to be the sum of the areas of the combined 
districts for which Oi|ir<D.5, where r is the distance of the 
centre of the combined district from the centre. The area, 
k miles from the centre, was calculated as the sum of areas 
of the combined districts for which (k-0,5) ̂  r < (k4-0.5)« 
As in the previous example there was no apportioning of 
either population or area. This does introduce a slight 
error - for example, the area »»at the centre" is 0.6 square 
miles instead of 0#79 square miles* The error in the logarithmic 
form of the density would have little effect on the regression 
line* Moreover this model is only for comparison, and will 
not be used in further calculations* 
The table 3.2 shows the results. The model 
becomes 
-0.15r 
y =- 5.4e 
with a density-distance correlation of -0.84. This model 
does not fit as well as Model 1 in terms of correlation and 
a glance at the density columns of tables 3.1 and 3.2 reveals 
that the decline of density with distance from the centre 
is not as regular for Model 2 as it is for Model 1» 
Since we are using density values in the cal-
culation of Model 2 which more closely approximate the real 
density values than those in Model 1, one would, perhaps, 
expect Model 2 to be the more accurate, and therefore more 
useful« 
To calculate the total population, however, we 
must eiiheT assume circularity or integrate over the actual 
area used, Ihe latter is, in practice, impossible due to 
the highly irregular outline of the boundaries of the census 
districts. 
If circularity is assumed the total population 
becomes 
-br 
2rTA 1 re dr = 2nA 
-br 
M l + b r ) e 
^ 880 thousands, 
far in excess of the real population total of 161 thousands* 
3 . 3 , 3 Clark Model 3 
The alternative approach suggested by Clark 
was used tc construct Model 3« lhat is, the density of 
each of the combined districts was plotted against the dis-
tance of the centre of the district from the city centre. 
Ibis is, of oburse, only slightly different from the con-
struction of Model 2, using more data points and eliminating 
the grouping ecrors. 
The model so obtained was 
--0.12r 
y = 6.3e 
but the correlation is low at -0»41# The larger number of 
data points for this model has decreased the fit of the re-
gression line to the hypothetical model because of the in-
cteased variation of the densities at the increased number 
of values of r. 
Calculation of the total population, as before, 
gives the extreme value of 1720.9 thousands« 
This method of determining a model for Wollongong 
seems to be quite unsatisfactory. Of the three Clark models 
derived the most useful appears to be the first where the 
real city is replaced by a hypothetical circularly symmetric 
city having the same number of people at each mile radius 
as the real city. 
3.4 Wollongong as a Rectilinear City 
As Wollongong so obviously deviates from 
circular symmetry, its representation in model form by a 
hypothetical city with circular symmetry seems a little 
unreal. Berry and Horton (1970) have indicated that a set 
of similar equations with parameters varying with direction 
might be more appropriate in some cases'̂  but even this suggestion 
assumes an underlying circular symmetry. This modification 
is applicable to, say, semicircular cities with centres on 
the coastline. 
Wollongong, however, has not spread outwards from 
one centre but has absorbed already established towns spread 
along the coastline. Then, too, the sea and the scarp have 
prevented the development of circularity. Indeed, Wollongong 
more closely approximates a rectangular rather than circular 
shape. 
Can a negative exponential model be developed 
based on a hypothetical rectilinear city rather than a 
circular one? 
3*4«1 The Data for Wollongong as a Rectilinear City 
The data used to develop a rectilinear model 
for the city of Wollongong were obtained as follows. 
A line drawn through the selected centre of 
Wollongong in an east-Awest direction. This line roughly 
corresponds to the main street of Wollongong and, therefore, 
represents a "centre" for the rectilinear city. 
Parallel lines were drawn to scale, mile north 
and south of this centre line and then at 1 mile intervals 
out to 11|- miles from the centre. Thus Wollongong was divided 
into 23 mile-wide strips. 
The population within each strip was calculated. 
In this case, some apportioning of population was made where 
a combined district was cut by a strip boundary. The area of 
each strip within the outer census boundaries was measured 
by means of approximating rectangles or triangles. 
Ihe density in each strip may be calculated in 
three different ways, each resulting in a slightly different 
model. 
TâbJe 3 - 3 
XhtM fei^ VJoHcnjan^ as, g Ctfy. 
Table 3^3 
DATA FOR \VOLLONGOMG AS A RECHLINEAR CITY. 
P A T) r 
^ 
P A D 
1 
D 
2 
D 
? 
0 10.9 7.0 g.o 6S 0 18.9 2.8 7.0 6.3 6.8 
1 9.8 2.4 3.6 4.7 4.1 1 9.2 3.1 3.4 3.1 3.0 
2 9-9 2.0 3.7 4.7 5.0 2 4.6 4.5 1.7 1.5 1.0 
3 14.0 3.2 5.2 6.7 4.4 3 8.3 5.4 3.1 2.8 1.5 
4 8.5 2.9 3.1 4.0 3.0 4 22.7 6.0 8.4 7.6 3.8 
5 5.4 2.4 2.0 2.6 2.6 5 4.0 3.3 1.5 1.3 1.2 
6 5.0 2.5 1.9 2.4 2.0 6 1.9 1.5 0.7 0.6 1.3 
7 5.0 2.2 1.9 2.4 2.3 7 1.9 0.8 0.7 0.6 2.4 
8 4.5 2.1 1.7 2.1 2.1 8 5.6 2.4 2.1 1.9 2.3 
9 1.2 1.1 0,4 0.6 1.1 9 11.4 5,8 4.2 3.8 2.0 
10 1.1 
« 
1 
1.1 0.4 0.5 1.0 10 2.8 3.2 1.0 0.9 0.9 
11 0.4 0.9 0.1 0.2 0.4 11 0.9 0.5 0.3 0.3 1.8 
r - miles north from city centre 
N 
r - miles south from city centre 
S 
P' - population in thousands 
A - Area in square miles 
D >D fD - Density in thousands per 
1 2 3 
rectilinear models 1,2,3 
square miles for 
respectively» 
3 . 4 . 2 Rectilinear Mcxiel 1 
Clark's original methodology involves the sub-
stitution of a hypothetical circular city for the real one. 
This circular city has the same number of people living at 
mile intervals as the real one. Ihe density of population 
is calculated for the hypothetical city, the area used Mng 
that of each of the annular rings. 
To repeat this procedure for a rectilinear 
Wollongong^ the hypothetical city must be substituted for 
the real city. The length of the city is taken to be 23 
miles (to gain symmetry some of the edges of the city have 
been ignored). Ihe measured area of the city is 62.1 
square miles. The hypothetical rectilinear city is there-
fore, considered to be of width 2.7 miles. 
The density of each strip was calculated by 
dividing the population P of that strip by the area of the 
strip; taken to be 2.7 square miles. These densities are 
listed in the column D^ in table 3 , 3 . 
Two equations were derived, one for the direction 
north and the other south. 
The rectilinear model 1 for Wollongong is found 
to be r -0.31r 
8.67e for r north, 
"4.66e for r south. 
by fitting the regression lines» In each case there in a 
negative correlation of density with distance! For r north 
the correlation is h i ^ , namely For r south, the 
correlation is less at -0.62. 
3 .4 .3 Rectilinear Model 2 
To construct the second rectilinear model, the 
city was considered to be two rectangles rather than one. 
As two equations are required for the model it seems reason-
able to consider each rectangle as having a different width» 
The average width of the northern rectangle is 2.2 miles 
( and hence the area of each northern strip is 2 .2 square 
miles) and that of the southern rectangle is 3.3 miles. 
Ihe density for each strip calculated in this way is shown 
in column D of table 3.3» 
2 
When the regression line is fitted, model 2 
bee ome s ^ -0.28r 
lO.Cr/e for r north 
y =r J -0.18r 
I 4.47e for r south. 
The correlations for this model are -0.92 for 
the northern equation and -0.62 for the southern. 
3 .4 .4 Rectilinear Model 3 
For the development of the third rectilinear 
model, Clark*s modified approach was usedj that is, the 
density was calculated by dividing the population of each 
strip by the actual area of the strip within census 
boundaries. The densities so obtained may be seen in column 
D in table 3,3» As before two regression lines were fitted 
3 
and the rectilinear model 3 is given by 
i7»10e for r north 
y =r J -0,07r 
j2.86e for r south. 
The correlation between density and distance 
from the centre is again high for the northern section at 
-0.95. For the southern section, however, the correlation 
is only «-0.42« 
3#4,5 Comparison of the Three ReciiLinear Models 
One method of estimating the value of the model 
is to consider the ability of the model to give the total 
population with some measure of accuracy» This, of course, 
does not necessarily indicate the fit of the model (see 
comment on Clark Model 1) • 
The total population may be found by integrating 
the density functions from 0 to 11.5 (the limits assumed 
in the model development) and multiplying by the width of the 
rectangle, the density being considered constant across the 
rectangles. Thus 
-b r -b r 
s 
e dr 
S 
^1^5 N ^1.5 
P ~ W \ A e dr4^W \ A 
N 0 N S 
where W is the width of the northern rectangle, A and b 
N N N 
Nummary of "Recj-ilit^&ir i.iandíí. 
Table 3#4 
^MMARY OF RECTILINEAR MODELS U 
Model I Model 2 Model 3 
^ ̂  m !ll 
A 8t67 4.66 10.07 4.47 7.10 2.86 
b 0,31 0.17 0.28 0.18 0.21 0.07 
Cor. -0.91 -0.62 -0.92 -0.64 -0.95 -0.42 
W 2.7 2.7 2.2 3.3 2.2 3.3 
p) 7 7 . 1 7 63.65 75.96 70.33 67.69 74.16 
P 
T 
140.82 146.29 141 .85 
A - Hypothetical city centre density 
b - Density gradient 
Cor - Pearson's product moment correlation 
coefficient 
P - Population in thousands per square mile 
P - Total city population as estimated by the model 
T 
the parameters for the northern part of the density function 
and W , A and b , the corresponding constants for the 
S S S 
southern part. 
Ihe total populations as calculated are 
shown in Table 3.4. Ihe total population for Model 3 was 
calculated using the two rectangles for north and south. 
If one rectangle (of width 2.7 miles) is used the population 
becomes 143.76 thousands. (With 83.09 thousands for ihe north 
and 60.67 for the south) . 
Each of the three models underestimates the 
total population. Ihe southern model in particular under-
estimates the true population (82.8 thousands)» 
The second model appears to fit best. Ihe 
correlations show the model to have the best relationship 
between density and distance taking both equations into 
consideration. It also gives the best estimate of the 
northern population and the closest estimate of the total 
population. Ihis model is also the easiest of the three 
to derive. Ihe area of each strip need not be calculated — 
merely the overall area within census boundaries from v^ich 
the average width of the fitted rectangles may be calculated. 
Ihe differences between models 1 and 2 indicate 
the advisability of using two equations for the city each 
based on a rectangle of different width. 
3.4.6 Rectilinear Model 4 
Ihe possibility of only one equation for 
the city was also considered. To develop this model the 
real city was replaced by a rectangle 11.5 miles in 
length and 5.4 miles wide. Syranetry north and south of 
the city centre line is assumed and the total population 
at the city centre and each mile (north or sotith) was 
calculated. This was divided by 5.4 to give the density* 
Ihe calculated density function is given by 
-0.20r 
y =r 5.53e , 
with a relatively low correlation of -0.79. Ihe total 
population as given by this equation is 134.38 thousands, 
lower than any of the models 1-3. 
3.4.7 Evaluation of the Rectilinear Models 
While none of the derived models gives a 
perfect fit, the use of the rectangle rather than circle 
in order to develop a model would appear to have merit. 
This is particularly so for the northern section of the 
city^ It must be remembered that the density function for 
the southern section is influenced by three distorting 
factors; the large areas of land used for industrial and 
recreational purposes, the lake, and the artificial densities 
created by the Housing Commission areas. 
It would appear that some support for a 
negative exponential decline of density with distance from 
the city centre is indicated. Model 2 with the city re-
presented by two rectangles would appear to have some merit. 
3*5 A Normal Curve Model for Wollongong 
The construction of a normal curve model for 
a hypothetical circularly symmetrical VVollongong would obviously, 
be as inaccurate, as the earlier Clark models* Sherratt (1961) 
has, however, suggested that towns and suburbs show a normal 
distribution of population densities (see 2.1.5)• Wollongong 
has not yet reached maturity as a city and might still be 
considered to be an aggregation of overlapping towns. If 
Sherratt is correct then, at this stage of its developmentj 
Wollongong should be represented by the sum of a series of 
overlapping normal curves.such that the density function is 
represented by 2 
(x-c ) 
i i 
y STXA e 
i i . 
v^ere y is the density of population at x miles from the 
city centre, the c represent the distances from the city i 
centre of the centre of each normal curve and the A and 
i 
a are constants. Ihe direction north is considered to 
i 
be positive and the south, negative. . 
In order to find the various values of A , 
i 
a and c , a graph of the population density distribution 
1 i 
Table 3 . 5 
FIRST A^PROXIMAHON FOR NORMAL CURVE MODEL 
TABLE 3 . f First Approximation for Normal Curve fiodel 
South North 
^ Curve 
f 
1 2 3 4 Curve 3 4 5 
1 
A 2.3 3.7 3.8 5 A 3. 8 5 2.2 
a 0.2 0.7 2.0 0.13 a 2. 0 0.13 0.25 
c -8 -4 0 2 c 0 2 7.5 
i Miles Total Actual Miles Total Actual 
-11 0.4 0.4 1.8 0 3. 8 3.0 6 .8 6 . 8 
-10% 0.6 
! 
0.6 (1.2) 2. 3 3.7 6 .0 (5.0) 
i -10 1 1.0 
1.0 0.9 1 0. 5 4.4 4.9 4.1 1 
-9% 1.5 1.5 (1.4) ih 4.9 4 .9 (4 .5) 
> 
i 1.9 r.9 2.0 2 5.0 5 .0 5 .0 
f -8h 2 .2 2.2 (2.2) ih 4.9 4.9 (4.8) 
1 
i 
2.3 2.3 2.3 3 4 .4 4 .4 4.4 
i -7h 2.2 2.2 (2.35) zh 3.7 3.7 (3 .7) 
i 1.9 1.9 2.4 4 3.0 0.1 3.1 3.0 
j 
i 
s -o 
1 
1.5 1.5 (1.8) 2 .3 0.2 2 .5 (2.7) 
i.O 0.2 1.2 1.3 5 1.6 0 .4 2 .0 2 .6 
- 0.6 0.7 1.3 (1.2) 5% 1.0 0 .8 1.8 (2 .3) 
-5 
i 
0.4 1.9 2.3 1.2 6 0.6 1.2 1.8 2 .0 
0.2 3.1 3.3 (2.4) 6i$ 0 .4 1.7 2.1 (2.1) 
-4 0.1 3.7 3.8 3.8 7 0.2 2 .1 2 .3 2 .3 
3.1 0.1 3.2 (2.4) ih 0.1 2.2 2 .3 (2 .3) 
-3 1.9 0.2 2.1 1.5 8 2 .1 2.1 2.1 
-2Js 0.7 0.4 1.1 a . 2 ) 8% 1.7 1.7 (1 .6) 
-2 
I 
0.2 0.6 0 .8 1.0 9 1.2 1.2 1.1 
1.0 1.0 (1.7) 0 .8 0 . 8 (1.05) 
-1 0.5 1.6 2.1 3.0 10 0 .4 0 .4 1.0 
! 
1 
2.3 2 .3 4.6 (4.6) 10% 0.2 0.2 (0 .8) 
i 0 
1 
3.8 3.0 6.8 6 .8 11 0 .1 0 .1 0 .4 
Note: (The values In parentheses have been read from the graph). 
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N^omal Curve Mode] for Wollongong 
First Approximation 
Actual 
— Model 
-8 -7 -6 -5 
South 
-3 -1 0 1 
Miles from City Centre 
of Wollongong as for rectilinear model 3 was drawn. Ob-
servation of the graph suggested that as a first approx-
imation there should be five values for c f namely -8, 
i 
-4, 0, 2 and 7. By a process of trial and error, using 
2 -a(x-c)2 
the fact that if a(x-c) then e 0#001 and 
may be neglected, a first approximation was developed as shown 
by table 3.5 and graph 3.1. Where two estimates conflicted 
the least squares criterion was used to select the better 
fitting curve. 
From the graph it could be seen that the 
fit would be improved by adding minor curves with 
0 = 5 and 10. It was also obvious that for liie 
curve with c = -4, the value of a was too small. 
Ihe model for Wollongong developed as above 
ist 2 2 2 
-0.2(x+8) -0.7(xf6.5) -1.5(xf4) -0.7(xf2.5) 
ys2.3e +0.5e +3.7e 4-0.6e 
2 2 2 2 
-2.0x -0.13(x-2) -2.8(x-5) -0.25(x-.7.5) 
+3.8e +5.0e +0.6e +2.2e 
2 
-.2.8(x-.10) 
+0.6e 
(see table 3.6 and graph 3.2) 
3,5.1 Estimation of Total Population Uising the 
Normal Curve Model 
As before^ some idea of the value of the 
Table 3.6 
SECOND APPROXIMATION FOR nCRUAL CURVE MODEL 
'1]\BLF. 3 .^ Second Approxlinntion for Normal Curve Model 
South North 
Cdrvc 1 2 3 ! 1 
4 5 6 Curve 5 6 7 8 9 
, A i 2.3 0.5 3.7 0.6 3. 8 5 A 3.8 5 0.6 2.2 0.6 
1 ^ 0.2 0.7 1.5 0,7 2. 0 0.13 a 2.0 0.13 2.8 0.25 2.8 
c - 8 - 4 -2% 0 2 c 0 2 5 Ih 10 
! i 
1 Mllesj Total Actual Miles Totnl Actual 
1 -11 0.4 0.4 1.8 0 3.8 3.0 6.8 6.8 
i -10% 0.6 0.6 (1.2) ^ 2.3 3.7 6.0 (5.0) 
-10 1.0 1.0 0.9 1 0.5 4.4 4.9 4.1 
1.5 1.5 (1.4) 1% 4.9 4.9 (4.5) 
-9 1.9 1.9 2.0 2 5.0 5.0 5.0 
2.2 2.2 (2.2) 2ii 4.9 4.9 (4.8) 
- 8 2.3 0 .1 2.4 2.3 3 4.4 4.4 4.4 
- i h 1.9 0.35 j 2.25 (2.35: 3.7 3.7 (3.7) 
-1 \ iO.4 1.9 2.4 4 3.0 0.1 3.1 3.0 
i 1 1.0 ¡0.5 1.5 (1.8) 2.3 0.3 0.2 2.8 (2.7) 
-6 0.6 |o.4 1.0 1.3 5 1.6 0.6 0.4 2.6 2.6 
0.4 0.35 0.1 0.85 (1.2) 5̂ 2 1.0 0.3 0.8 2.1 (2.3) 
!O.2 0 .1 0.8 1.1 1.2 6 0.6 1.2 1.8 2.0 
1 0 .1 2.6 2.7 (2.4) (ih 0.4 1.7 2.1 (2.1) 
- 4 i i ! j 
i 
1 3.7 0.1 3.8 3.8 1 0.2 2.1 2.3 2.3 
f ( 2.6 0.3 
1 
0.1 3.0 (2.4) ih 0.1 2.2 2.3 (2.3) 
- 3 3.8 lo .5 5 0.2 1.5 1.5 8 2. 1 1 2.1 2.1 
1 0.1 0.6 0.4 1.1 (1.2) 8% 1.7 1.7 (1.6) 
I 
1 0.5 
! 
0.6 1.1 1.0 9 1.2 1.2 1. 1 
- l i i 1 1 
1 
1 0.3 1.0 1.3 (1.7) 9% 0.8 0.3 1.1 (1.05) 
- 1 1 0.1 0. 5 1.6 2.2 3.0 10 0.4 0.6 1.0 1.0 
-h \ 2. 3 2.3 4.6 (4.6) lOî  0.2 0.3 0.5 (0.8) 
! 3. 8 3.0 6 . 8 6.8 11 0.1 0.1 0.4 
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- 1 1 - 1 0 
South 
3 -2 -1 0 1 
Miles from City Centre 
model may be gained by considering its ability to estimate 
the total population. 
The normal curve model is of the form 
2 
-a {x-c ) 
9 i i 
y = A e 
i=rl i 
and each of the curves 1-9 is considered to extend to 
infinity. 
The standard deviation of each curve is 
The area under each curve is therefore, 
given by 
A ^rr/^a • 
i i 
As for the rectilinear model 1 the city was taken to be a 
rectangle 2.7 miles wide. 
The total population then, is given by 
P>=: 2.7Jtt S a //a 
^ i=rl i i 
=r 150 thousands 
#iich is a reasonable approximation. 
3.6 The Trend Surface Model 
In order to calculate the polynomial surface 
of best fit, -the trend surface model, a computer programme 
developed by R.J. Sampson and J.C.Davis, Idaho State University, 
68. 
TABLE 3.7 
TREND SURFACE DATA 
lâÉMLJzZ 
t̂ iiiîFACi: üpcrk 
S ^ 2.20? ^ -l- 0. 
3 « -f QAll^ O.ûlly -
g «« 10.204 - ÛA292Z - l,340y 1.0332^ 
g «»•0^267 -r 15.696r 9.557f -
- O.öia^y'" -f o.oco 
linear Qî sásratic Coble ür^ar 
d-viatica 3.19 2.91 2^80 
fcriatica 
by stirfsca 44.28 264 .49 2,78.77 322.89 
net 
G-pIaln^d by ¿¿^rfact !2CQ,7i S9S.50 ^66.21 922.10 
XcSal Variatila 1244.99 
Ccafficlent of 
0.036 0.193 0.224 0.259 
CcoTficicnt of 
0.IS9 0.445 0.473 0.509 
crj of D^fa Points i© 113 
Stccdara âQX-tûtion of s is 3-2-
M 
'j> I, !>-| S? '% 9j 
A « a. j-v «u i>« • fc>» 
OF F-TKST tO mtEBIirm f?imFACiS OF BFST-'FIT 
L rid Q O ittiti C Q 4 
k̂  - k 8» 0.162 
if ® 3 
k -k 0 L 
I df 
df » 
1-k 
W ca . 
2 df 
'O 
k « 0,224 
k^ 0A9B 
- k̂  « 0.026 
df 4 
k -k. 
« 0.054 I « - 0065 
I - « 0.776 
df « 107 
1-k, 
^ ® 0.007 : « 2 di: 0.0072 
P < O.OODi ? ^ 0.5 
k. •» 0. 
k̂  « 0.19H 
k, - k. « 0.061 
d£ « 5 
V 1 df 0.0122 
I - « 0.741 
df « 103 
l-k 4 
F # O.l 
0.0072 
f̂  a» ̂  .«"J» 
a«, .ft t-- li A 
4 crdar 
» vnvlrac^ aseociafced with tha 
V̂  « varicacQ associate«! '̂Ith the 
data 
k e cĉ siTficicst ef F « ^^ ^^^ Fislier-Siiadscor 
df « d- r̂ciio of freed variance ratio. 
to . 
and adapted by A. Cook (Department of Geology, Wollongong 
University College) was used. 
This programme gives the coefficients of 
linear^ quadratic, cubic and quartic polynomials together 
with associated statistical data, (See Table 3.7) 
The application of the F-test (see table 3w8) 
indicates that the quadratic polynomial is the best f i t for 
the Wollongong data. Althou^i the cubic and quartic poly-
nomials apparently explain more of the variation and corr--
elate a l i t t l e more closely with the observed data than the 
quadratic, this difference is not statistically significant. 
The quadratic equation, however, significantly explains 
more of the variation than the linear. 
Ihe values of z as given by the quadratic 
equation were computed for x, from 0 to 6 in 0.5 units and 
for y, from 0 to 24 in units. From these results contours 
of population density were drawn (see map 3-4) . 
The trend surface obtained indicates for the 
northern parts of Wollongong a general drop in population 
density away from the coastline and also a dree in density 
from the centre northwards. This pattern is continued for 
a few miles south and then the density drops fairly regularly 
in a southerly direction while remaining relatively constant 
in the east-west direction. 
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Table 3^9 
CALCULATION OF TOTAL POPULATION USING TREND SURF^E 
MODEL 
Rectangle X 
• 
1 
X 
j 
y 
« 
1 
y 
• 
3 
population 
1 1 2 20 25 3.6 
2 0 2.5 18 20 10.9 
3 0.5 3 15 18 28.5 
4 1.5 4 11 15 54.0 
5 1 6 9 11 55.4 
6 0 2 6 9 18.6 
7 5 5.5 6 9 1.3 
8 4 6 3 5.5 17.7 
9 2 4 2 3 .5 6.4 
Total population 196.4 
3 . 6 , I Total Population Estimated by the Trend 
Surface Model 
The trend surface model does not lend itself 
to a simple solution for finding the total population because 
of the difficulty of defining suitable boundaries. If a series 
of rectangles is used to approximate the shape, the population 
may be found as 
y X 
P Z 1 i D(x,y)dx dy i = 
ij V * 
i i 
where D(x,y) is the density function and x ,x ,y ,y re-
• • • • 
1 J 1 J 
present the coordinates of the rectangles. 
2 2 
Now D(x,y) ss a + bx + cy + dx + exy + fy 
with a = -0.68; b x 0.48; c = 0.61; d =r -0.07 
e =r 0.07; f = -0.03. 
The total population calculated in this way 
is 196.4 thousands, which is of the right order of magnitude 
although considerably overestimating the population (see table 
3 . 9 ) . 
3 . 7 Comparison of Models Developed for Wollongong 
Each of the models developed is in some 
way of value• The circular Clark models indicate clearly 
the need for a city to at least approach circular symmetry 
before these models can be applied with confidence. The 
Cllark model 1 shows that a model of apparently good fit, 
estimating total population with reasonable accuracy can 
be a description of a hypothetical model quite unlike the 
real city. 
The rectilinear models show that the negative 
exponential function is a reasonable description of the decline 
of population density from the city centre for a city such 
as Wollongong. 
Ihe methods of model development appear to 
have some merit. 
The normal curve model while fitting the 
data reasonably well was difficult to develop, the method 
being largely trial and error. Then, too, being tailored 
for one city in particular it has no comparative value. 
It would not be suitable for a circular city and is app-
licable to Wollongong only at this immature stage of develop-
ment. 
The trend surface model was relatively 
simple to derive. The lack of defined boundaries make the 
application of this model difficult. It does, however, 
give a clear indication of population trends and in this way 
adds to the information about the city. 
3.8 Wilkins Model 
Wilkins (1968) has suggested that the function 
7£ 
Idtble 
Caieu/atior) -for W//f?tn'S /^ocld. 
Table 3»̂ iO 
CALCULî TIOM WILKINS MOOEL 
Density Area Cum* Area 
0.0 ^ 0.99 28.6 75.2 
1.0 - 1.99 20.2 46.6 
2.0 ~ 2.99 5.5 26.4 
3.0 - 3.99 4.5 20.9 
4.0 - 4.99 4.3 16.4 
5.0 - 5.99 3.1 12.1 
6.0 - 6.99 5.8 9.0 
7.0 - 7.99 1.2 3.2 
8.0 - 8.99 0.8 2.0 
9.0 - 9.99 0.3 1.2 
10.0 - 10.99 0.1 0.9 
11.0 - 11.99 0.1 0.8 
12.0 - 12.99 0.5 0.7 
13.0 - 13.99 0.0 0.2 
14.0 - 14.99 0.1 0.2 
15.0 - 15.99 0.0 0.1 
16.0 - 16.99 0.1 0.1 
as defined in chapter 2.7 would add information about 
a city» To calculate A(D). for Wollongong the densities 
of the combined districts were categorised as in table 
3.10 and the associated areas totaled and the cumulative 
areas calculated. 
A rough graph of the results suggested 
that the function A(D) might be of the negative exponential 
form. The correlation between the increase of density and 
the normal logarithm of the cumulative area is very high 
at -0.99. The function A(D) is given by 
-0.43D 
A(D) = 7 7 . 5 e 
vrtiere D represents a given density and A(D). is the area 
which has a density of population^D« 
THE EFFECT OF CHOICE OF MA)EL ON THE 
CAIJCULATION OF NUCLEAR CASUALHES 
The development of a model for a city should, 
if the model is satisfactory, provide a means of solving 
applied problems related to population distribution. 
Sherratt (1960) as mentioned earlier developed his model 
in order to solve the problem of the extension of gas mains. 
Does the choice of model significantly affect 
the solution of such problems? Both Clark and Sherratt claim 
universality for their models and one would, therefore, expect 
to find only minor variations in results. 
Hunter (1965, 1967) has derived an analytical 
technique for estimating the casualties in a nuclear attack 
on an urban centre, in which the casualty function is approx-
imated by an exponential or sum of exponential functions. 
This technique recessarily uses a model of urban population 
density distribution and the model chosen by Hunter is that 
of Sherratt. He selected this model because it "proved 
more amenable to mathematical treatment" (1967, P.1097). 
He does, however, point out that some cities might be better 
represented by Clark's model or, indeed, by some other model. 
This problem provides an opportunity to test 
the effect of choice of model both analytically and as it 
affects Wollongong. 
4 .1 Estimation of Casualties from a Nuclear 
Attack on a City 
Hunter defines P̂  (R) to be the probability 
ijk 
that an individual distant R from ground zero is a casualty 
th th th 
of the j type due to the i weapon which Yies the k type 
of detonation ( i = l , 2 , . • . ,n ; 3=1,2,3; k:rl,.2) with the 
total casualties? 3=2, fatalities; j=9, non-fatal casualties; 
k=l, an air burst and k=2, a surface burst»-
2 
Ihen P (R) = exp(--c R ) is given as an 
ijk ijk 
»»adequate approximation" (1965, P4) • 
c is the weapon parameter and Hunter details 
ijk 
in table form various values of it. 
For example, 
,09=c the weapon parameter for total 
il2 
casualties for a surfacd burst 
of a weapon yielding lOOOKT* 
or .09=c the weapon parameter for fatalities 
i21 
(only) for an air burst of a weapon 
yielding 2000lCr. 
If aiming error is considered then the pro-
bability of a casualty at point (x ,y) , from a nuclear weapon 
vihich is aimed .at (X ,Y ) and with weapon parameter c , and 
i i i 
aiming error CT, which actually lands distance r from (X ,Y ) i i i i 
at (x ,y ) is given byt 
1 i 
FIGURE 
Ider^hfica^i^ori o í ^ y m b o ¡ s . 
FIGURE 
o - Cl l'y d^/i/re. 
y 3 s ^^^ 
( y , y , ) - ^^r^d-
o - ^ / / y cantra. 
i A 
M exp[-LR ] P[^casualty at (x,y)] = 
2 i 
where M — 1 + 2c O ^ 
i i 
and L = c /M. 
i 
The identification of symbols may be seen 
in figure 4.1« 
4 . 2 An Examination of Hunter*s Approximation 
If Hunter's approximation is indeed "adequate" 
it should give similar results regardless of the city model 
used, and to test this a comparison of the actual number of 
expected casualties as given by Clark's and Sherratt's 
models is desirable. 
For this purpose, a symmetric city of given 
central density. A, is selected and, as is usual in applied 
research, is considered to be infinite in extent. Ihe 
attack is to consist of one nuclear weapon landing at a 
variable distance, X, from the centre of the city. It is 
further assumed that the origin of the cartesian coordinate 
system is the city centre and also that ihe x-axis passes 
througfi the point of impact as these assumptions result in 
no loss of generality and simplify calculations. Ground 
zero, therefore, has the coordinates (X ,0) . See figure 4.2» 
If aiming error is ignored, the probability 
that a person distant R from ground zero is a casualty has the 
form 
P = exp(-c R ) 
ijk ijk 
2 2 2 
where R = (x-X) + y 
2 2 
= r - 2rX cos © + X . 
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î äî Bwihdl 
Ô ma 0.25 0.45 6 = 0.75 
>< 
Ne ' Ne iV .̂ Ne N. 
o 25.910 17.963 16.427 IX .387 8.462 6.450 
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Since N and N are to be calculated for the 
S C 
same city and the same bomb^ the parameters A,b,c and X 
will be the same in each expression for N and N . A, the 
S C 
central density is basically a scaling factor and in nie 
preliminary calculations was given the value 1» The gradient, 
b, was given the values 0,25, 0.45 and 0.75; these values 
being chosen from Clark's results to give a reasonable cover-
age of modern city types. The weapon parameter, c, was 
fixed at 0.09, selected as a representative value from Hunter's 
table. 
The values for N and N were then calculated 
S C 
as functions of X (in-I-miles to 10 miles) and graphed for 
the three values of b. Both forms of the solution for N were 
C 
programmed to provide a check. 
It can be seen from table 4.1 and graphs 4,1, 
4.2, 4.3 that there is a wide variation for the number of 
casualties given by N and N for low values of b and small 
S C 
values of X« 
As a practical example, the values of A and b 
for Brisbane (1947) have been given as 40.and 0.75 respectively, 
these values being taken from Clark's data (1951)• Then, 
for a bomb with a lOOOKT yield and surface burst which landed 
4^ miles from the city centre, the number of expected 
casualties (of all kinds) would have been 84,000 derived 
from both N and N • Had the bomb landed at the city centre, 
S C 
however, calculation of N gives 340,000 expected casualties 
S 
while N estimates 260,000. 
C 
Similarly, the 1947 values of A and B for 
Sydney (Clark, 1951) are given as 30 and 0.25 respectively. 
The estimated number of casualties (of all kinds) from a 
centrally directed bomb (as above) are given as 777,000. for 
N and 540,000 for N . 
8 C 
A difference of approximately a quarter of 
a million estimated casualties in a total population of two 
million is considerable. Even if one considers the total 2 
population, P = 2rTA/b , of the infinite city of approximately 
3 million the difference in the number of expected casualties 
is considerable. 
Even wit^ X = 10, N = 75,000 and N ~ 9,000 
S C 
(for Sydney). 
The city is more concentrated according to 
the Sherratt model than it is according to Clark's model 
and it appears that the number of expected casualties derived 
from Hunter's "adequate"approximation depends heavily on 
the choice of model. 
4.3 Calculation of Casualties from a Nuclear 
Attack on WoUongong. 
If a nuclear weapon were to be dropped on 
Wollongong, the most likely target would be the heavy 
industrial area of Port Kembla (about 2|- miles south of 
the city centre) • 
The models developed for Wollongong were 
used to calculate the number of expected casualties from a 
single weapon attack• In each case the weapon parameter 
c was taken as 0,09 as before. 
4,3*1 Number of Casualties Using Clark Model 1 
This model was chosen to represent those 
based on circular symmetry as it gives the best estimate 
of total population. The model is given by 
-0,38r 
y = 3.49e • 
If a bomb were to be dropped 2.5 miles 
south of the city centre the total number of casualties is 
45.8 thousands. 
A bomb landing at the city centre would 
result in an estimated 55.0 thousand casualties» 
4.3.2 Number of Casualties Using the Rectilinear 
Model 2. 
The rectilinear model 2 gives the best estimate 
of total population and so was used to calculate the expected 
number of casualties. 
If a bomb were to be dropped on Port 
Kembla such that X = 2.5 miles south of the city centre 
the expected number of casualties is given by 
.-b r 2 
N -c(r+X) 
N = 2#2A l e e dr 
<¡>0 
W 0 
+ 3.3A 
r 
S -c(r-X) 
dr 
S'O 
with A - 10.07, b 0.285 A = 4.47| b = O.IS,- X - 2.5 
N N S S 
and, as before, c - 0.09« 
b 
N - 2.2A e 
N 
{ l - e r f [ / c Q + X)]] 
2c 
bg (4c - X) 
+ 3.3A e 
S 2 ^ 
{l-erf[i/5(^ - X)]] 
2c 
(11.52 + 45.32) thousands 
=: 56.84 thousands. 
If the bomb is dropped at the city centre 
2 
b /4c 
N J L 
N = 2.2A ^ e {l-erf(2^ ); 
N 2yc 2 
b /4c 
S JL. . 
+ 3.3A yin e 
S 2^ 
l-erf(2>/c 
(41.55 + 31,95) thousands 
=:73»5 thousands. 
4.3.3 Number of Casualties Using the Normal 
Curve Model 
The normal curve model is of the form 
-a (x-k 
i i 
y = X-A e 
i i 
The total number of casualties with the 
same conditions as before is therefore given by 
2 
/b-a (x-4c ) 2 
. f i i -c(x-X). 
N = 2.7XA 1 e e ^ 
i iJpo 
2 
A a c(X^ ) 
= 2.7/TT i exp{- i i ] • 
iJiT^ a +0 
i i 
With X = -2.5 (that is 2.5 miles south of 
the city centre), the number of casualties is 43.2 thousands* 
When X = 0, the number of casualties is 60.2 thousands. 
4.3.4 Number of Casualties Using the Trend 
Surface Model 
The trend surface model is of the form 
2 2 
2 a-fbx+cy+dxy+ex 4-f y 
v^ere the arbitrary axes are the edges of the map. 
The number of casualties for this model is given 
N (a4^bxfcy+dxy+6K^+fy^)exp{^[(x-X )^(y_Y)2]}clxdY. • 
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Eôctsngîo Ces m i t le s 
1 1 2 20 25 O.CO 
2 0 2.5 18 20 0.03 
3 0^5 3 15 18 2.28 
4 1,5 4 11 15 35.24 
5 1 6 9 11 21.39 
6 0 2 6 9 4.68 
7 S 5.5 6 9 4.12 
8 4 6 3 5.5 0.17 
9 2 4 2 2.5 0.00 
Using tables of the error function, 
X 
erf X, and the exponential function e , the number 
of casualties in each rectangle was calculated in 
thousands as above. The total number is 67.91 thousands. 
4 .3 .5 Comparison of Results 
The various models yield quite different 
results and, because of the uncertainty of the 
estimations, one cannot be said to be more accurate 
than the other. Using the results calculated for 
Sydney in 1947, it is seen that Sherratt's model 
estimates 39% of the total population as casualties 
while Clark's model suggests 71% when ground zero is 
the city centre. For V\iollongong, the results arei 
Clark Model 1 ^ 
Rectilinear Model 2 - 46.i 
Normal Curve Model - 38.35t 
I t would appear that the recti l inear model 
overestimates the number of casualties while the other two 
seem to be reasonable, that i s , between the expected l imits . 
The accuracy of the model for determining 
the number of nuclear casualties shouldj however be r e -
lated to the accuracy with which the same model estimates 
the total population. When the number of casualties es -
timated by the model is compared with the total population 
estimated by the model the percentages become 
Clark Model 1 - 3 6 . ^ 
Rectilinear Model 2 - 5 0 . ^ 
Normal Curve Model - 40.1% 
The prime target for Wollongong i s , of course^ 
Port Kembla. The percentages of casualties estimated by the 
models, compared with the total population are 
Clark Model 1 - 3 0 ^ 
Rectilinear Model 2 - 39% 
Normal Curve Model - 29% 
Trend Surface Model - 35% 
Once again the results f o r the rect i l inear 
model are higher than those for the other models. Numerically 
the trend surface model yields the largest number (67.9 
thousands) but this model also overestimates the total 
population. It is not possible to state that one or other 
model gives the best answer. The variation does, however, 
indicate that the choice of model is important in the solution 
of problems dependent on a spatial pattern of intra-urban 
population distribution. 
Si SHAPH DISTCHnON MEASURE 
It has been shown in previous chapters 
that a model based on the ideal circular city is a good 
fit if , and only if , the city itself approaches circular 
symmetry. The problem thus arises of measuring the dis-
tortion of the real tity from circularity to determine 
whether the deviation is significantly high, 
THE DISTORnON INDEX OF BO^CE AND CLARiC 
One such measure, discussed by Bcy^e and 
Clark (1964) is based on the geometric shape of the outer 
boundary of the city and is defined by the equation 
n 
ft "* 
i=rl 
R 
- i — 122 
n . 100 - n 
3=1 J 
vtiexe R (i =-1,2 , • • •n) represents the lengths of radial 
i 
lines measured from the city centre to the boundary 
along n equally spaced radii. 
If the city boundary is a circle then 
R = R and 1 = 0 . 
1 i+1 
Although Boyce and Clark do not calculate 
it there is also a maximum value of I , found by consideration 
of a city with maximum distortion, that is, one consisting 
of a single street. If this street has length 2x, then 
of n radial lines from the centre to the boundary, R and 
1 
R , say, are of length x and R 0 with 
2 i 
n 
H . R 
i=l i 
Then I = 100(2 
1 1 
2 - n 
If n > 2, then 2 " n 
+ n ) . 
and I = 100(2 - n) 
200 as n • 
This index of shape distortion then, has a 
minimum value of 0 , representing no distortion from 
circularity and a maximum value of 200« 
5 .1 .1 An Analysis of the Boyce-Olark Index 
Further examination of this index reveals 
its underlying statistical basis» 
n ^ 
R n R vAiere R is the mean of the R • 
^ R. ^ 
So I - 100 { F - I 
n 
n 
^ i 
ff - If . . . + 
--S 
ff - 1 
100 R - R 
n R 
100 x mean variation of R 
mean of R 
As n o o 
ar 
I =r 100 • 1 r I R(0) -
0 
de 

C ni rril a t ion o f Incf.'sn^ o f ^ f̂ ĥ -tpi? Jìint^^vtt^n 
foT Wollon^îonR* 
I 100 . ¿ 
12 
R « 3 , 9 
1 ^ 79 • 
I 1 1 . 2 7 . 3 
2 3.4 0 . 5 
3 1 . 5 2 . 4 
4 2 . 9 1 . 0 
5 1 . 5 
6 1.5 3.6 
7 10. a 6 . 9 
S 4 . 8 0 . 9 
9 0.6 3. S 
10 0.6 3 . 3 
11 0.6 3 . 3 
12 0 . 8 3 . 1 
4 7 . 1 3 7 . 1 
where R(0} is the distance from the city centre to the 
boundary in the direction 
This measure requires a definition of both 
centre and edge of the city, and a small variation in either 
could affect the results considerably. Medvedkov (1967) has 
calculated the Boyce-Clark index for several cities (for 
example Bucharest 16*1| Washington 16.Warsaw 24*9) 
and claims these figures to be useful for city comparisons 
since they give a "precise and unambiguous statement of 
the shape of a city*'. He has not, however, defined his 
method of selecting centre or édge. 
5.1.2 Distortion Index for Wollongong 
Ihe Boyce-Clark distortion index was cal-
culated for Wollongong using 12 equally spaced radii and 
a map with scale li63360 (see table 5.1). The city centre 
was taken as that defined in Chapter 3 and the boundary 
was defined by the edges of ihe census districts. 
For Wollongong I -78.8. A rectangle, 23 
units long and 3 units wide has a distortion index of 68.6 
confirming the distortion of Wollongong from the circular 
to the rectangular. 
5.2 The Distortion Index of Simmons 
Simmons (1962) devised a measure based on 
the area of a city as well;.as its boundary. His measure 
is defined as the ratio of the sum of distances of points, 
arranged in a regular net'^ork within the boundary of the 
c i ty , from the c i ty centre to the sum of distances of points 
in the same regular network from the centre of a c irc le of 
the same area as the c i ty . In symbols and using J for 
Simmons' measure n 
X r • « f • 
1=1 1 
J = n 
S i r 
i=l i 
where the R are the distances for the true c i ty and the 
i 
r the distances for the c i r c l e , 
i 
For any given centre and boundary J is a 
function of n and of the type of network. A limiting form 
is necessary to remove this dependence. 
Now as we have a regular netvrork: we may 
imagine small areas attached to the points of the network, 
one area for each point and all areas of the same measure, 
say 6x6y. For the c i rc le , the same area A as the real c i ty 
n 
/im ^ r =: ) )6c +y 
n^^i=rl i ^^ 
dx dy 
r r dr d© 
0 0 
2 3 
= 3 tt r 
2 
=• 3 y ^ A • 
ihercforc lim J = lim ^ -- Íjl '̂̂ '̂ ^^ 
n-^oo ? I A ^ 
whore the top integral is taken over the city's area. The 
origin of the rectangular coordinates (x,y) must, of course, 
be taken at the given centre-
In statistical terms, the limiting value of 
J is the ratio of the average value of the distance from 
the centre to a point taken at random in the city area (all 
)oints being equally likely) to 'the same averages for the ideal 
circular city v/ith the same centre and area, 
•5.2.1 Hie Value of J for a Rectangular City« 
Since J is the ratio of the first moment of 
area for the city to the first moment of area for a circle 
of the same area, it is possible to find this ratio for a 
rectangular city assuming that the centre of the city is 
the centre of tlierectangle-
Applying elementary integration to a rectangle 
Vv'hose sides are 2a and 2b, we find 
J=:]£/4't£rb 4- a ^ l n V ? ^ - ^ b + 
16 W b a b ^ ^ a ' -b a ^ f a " W - a / 
For a square this gives J= 1 .02 , while for a highly 
distorted rectangle for which b is small a
F Hb 
Applying this result to Vvollongong, taking 
a =:23 and b = 2.7, we find J = 1.9. 
This figure would be somewhat increased if the 
city centre were not at the centre of the rectangle as is 
borne out by the value obtained for Viollongong in 5.2.2. 
Tliis measure is highly sensitive to tlie' 
position of the city centre. It can be shown that for a 
rectangle with the city centre at one corner, J is 
twice the value obtained when the city centre is taken 
at the centre of the rectangle. 
5.2.2 Simmons* Index of Shape Distortion for 
Viollongong. 
A hexagonal network with the distance between 
points equivalent to one mile, was placed over the map of 
the city of Viollongong, with the centre and boundary as 
before. The same network was placed over a circle with the same 
same area (radius The index for Viollongong was 
found to be 
i^L 
J - É L - = = 2.10 
¿r. 218^7 
Berry (1963) suggests that Simmons' index 
is sensitive to elongation of a city and also to physically 
created distortions such as large bodies of water. If this 
is so the value J - 2.10 seems small. 
5.3 Shape Distortion of Population Distribution 
Both I and J deal with the geometric shape 
of the city in relation to its centre and depend on the 
definitions of the centre and the outer boundary« It would 
be possible to have a city with a circular boundary but an 
eccentrically placed centre. Then, too, a city's residential 
area may be fairly circular about its centre although the 
distribution of population within this area is far from 
circularly symmetric. 
The measure of distortion of the real city 
from circularity needs to be in terms of population dis-
tribution rather than geometric shape. Three such measures 
will be considered. 
5,3.1 The Variance Index 
By considering the distribution of population 
between rays 6 = 0 , and 0 = © + 60 as 60-^ the average 
1 
distance of persons along the ray 6 = 6 is found to be 
.«©2 1 
( r D(r,0 )dr 
-̂'O 1 F(0 ) where D(r,0) is 
1 ro:> 
J r D(r ,0 )dr the density function 
0 1 
Therefore 
ao 
/r D(r0dr 
F(e) = 0 
|prD(r,e) dr 
represents the distribution of the average distance of 
persons from the centre for all ^ from 0 0 to 6 2rr* 
For the whole city, the average distance 
from the centre is given by 
A. I 
Then an index of shape distortion could be 
given by the variance V where 
2iT 0 
The minimum value V=0, occurs when F(6) = A 
for all values of 0, representing perfect circular distribution 
As distorti6n increases 
2rT 2 
V^JU f F (e)de • 
2rT 
5.3.2 The Variance Index for Wollongong 
In practice, the average distance of persons 
Ill» 
from the centre in a given direction, 6 , may be calculated as 
2 
X r D l 
A == i i i i 
Z r D 1 
i i i i 
where 1 is the length of the line d = constant within the 
i th 
boundaries of the i census district, r is the distance 
th i 
of the centre of the i census district from the city 
th 
centre and D is the population density of the i census 
i 
district. 
If n equally spaced radii are chosen and 
A - 1%A 
n 1 i 
then - 2 
V-I£(AJ-A) • 
With n ^ 12 and using the combined census 
districts as defined in Chapter 3 , the value of V for 
Wollongong is 4«5 . 
The average distance of persons from the 
city centre varies from 0,3 miles to the east to 6.3 and 6 . 2 
to the north and south respectively. Ihe value of A is 2.3 
miles. 
Ihis measure seems to lack a reference 
point. What does the value of V = 4 . 5 mean? 
In practice the measure of maximum distortion 
2rT 2 
V f F (e) de 
2rT 
2 
is given by iTA • This provides a useful comparison to 
n i i 
determine the size of V. For WolloQgong this is calculated 
to be 9.8, It can be seen that Wollongong shows a considerable 
degree of distortion» 
5»3.3 Density Difference Index of Distortion 
A better measure of distortion may be 
obtained by analysing the fact that a city's population 
density distribution is circularly synimetric if and only if 
D(r,e) = J L I D(r,e)de 
2rr ̂  
where r,6 are the polar coordinates with the city centre as 
pole and D(r,8) is the population at the point (r,8).= 
Adopting a least-squares criterion the deviation from 
symmetry, may be defined as 
S = D(r,e) JLiD(r,e)dei r dr de 
2rr ̂  
ar/P 2 
f f D (r,e)r dr de -
0 0 2!T 
If an equation of the form 
A I D(r,e)de =:r Ae 
-br 
^2 
D(r,e)de r dr. 
(i.e. Clark's equation) can be fitted to the areal dis-
tribution of population then 
f -br 2 P- b 
D(r,e)dOi,r dr - 2n |(2rTAe ) r dr % 
where P is the total population of the city and using the 
common simplifying assumption that a city extends to in-
finity in all directions. If this assumption is not to be 
made then the limits of integration become 0 and R rather 
than oo where R is the distance of the outer boundary. Ihen 
R -br 2 2 -2bR 
1 f (2nke ) r dr =rTT A . {l - (1 + 2 m ) e 
a T ) 2 2 
0 b 
In practice 
fo (r,6yr dr de i H (no. of people in i census district) 
0 0 * census area of i^ census district 
districts 
2 
1 a 
1 
where P and a are the population and area respectively of 
i i 
the i ^ census district. 
2 
Hence P 2 2 
S • 
i a Sn 
i 
This measure may be derived using any other 
equation for the density function, D(r,d) which fits a 
particular city. For example, if Sherratt's equation 
2 2 
-r /2e-
D(r,©) - Ae 
is used the distortion index S is determined by 
2 
P 2 
i a 
1 
This measure, as did V, presents a problem 
of interpretation of the value of S obtained. While perfect 
symmetry should give a value of S = 0, and slight distortion 
gives a small value of S , at what numerical value is dis-
tortion considered to be significant? 
5 .3 .4 The Density Difference Index for Wollongong 
The density difference index of shape distortion 
for Wollongong was calculated using the Clark model based 
on annular rings. This equation (see 3 .3 .1) 
-.0.38X 
y = 3.49e 
resulted in a high negative correlation (-0.9f) between 
density and distance from the city centre, and might be 
assumed, therefore to be a good fit . This model, however, 
was derived using the assumption of circular symmetry, and 
a significant distortion from such symmetry would nullify 
the model. 
In order to calculate the value of 
2 
F 2 2 
Z i ^ P̂  b 
i a Stt 
i 
the combined census districts were used (as in Chapter 3) , 
and for Wollongong . 
Z l i 798.8 • 
i a 
1 
For the second term, the modified form 
was used, namely 
2 -.2bR 
TT. A { l - (1 + 2bR) e } 
where A - 3 . 4 9 , b - 0.38 and R = 11,5. 
Thus 
S = 798,8 - 146.0 
- 652.8. 
This large numerical value for S supports 
the earlier assumption that this model, despite the high 
correlation of density and distance from the centre, does 
not f i t the real c ity. 
5.3«5 The^^ Measure of Distortion 
Another more statistical approach may be 
based on the chi-squared statistic (Haggett, 1965; Kendall 
and Stuart, 1961) v\hich may be used to compare the observed 
distribution of population with that expected in a circularly 
symmetric city. 
As an example of how this might be applied 
imagine m concentric circles drawn with common centre at the 
th 
city centre, and let R^ be the radius of the i circle. 
(e = R<R<R< ...<R ) . 
0 1 2 m 
Now let n rays, with equations rX)j 
( j=l ,2 , . . .n) be drawn such that 
0=:e-ce<...<e<2rr» 
1 2 n 
Ihen the area A is that determined by 
ij 
R cr<R (i=:l,2,...m) 
i-1 i 
and 0<e<e (j=:0,l,2,. . .n) • 
j j+1 
Let P be the population of this area, 
ij 
If the city is circularly symmetric then the 
expected value of P is given by 
ij 
(8 - e ) n 
E(p ) - 3+1 j 1" 
ij 2rT 3=0 ij 
ij 
The T are the theoretically expected 
ij 
population and the P' are the observed populations for 
ij 
the area A • 
ij 
IIT. 
The chii-squared statistic is, therefore; 
a = S (P - T )/T . • • •« «• •• 
i,j ij ij 13 
This will be approximately distributed in 
a chi-squared distribution with m(n-l) degrees of freedom 
and the usual chi-squared test may be applied to determine 
the significance of the distortion. 
y 
An error may be introduced into the cal-
2 
culation of'X through allotting to different A the 
people in a census district that does not lie wholly within 
2 
one such area. However the as calculated should be of 
the same order of magnitude as the value that would be 
calculated were it possible to determine exactly the 
number of people in each A • 
• * ij
This measure can be modified for cities 
which have centres on coastlines by simply ignoring the 
irrelevant areas. Similarly any segment of a city which 
is unavailable for residential purposes might be omitted and 
the "circular" symmetry of the remainder considered. 
Then, too, this approach can also be used 
to investigate whether a city is symmetric out to some 
distance from the centre, and distorted from there outwards 
lie 
T â U e ò"2 
<sf ßj a n d 7¿j Çer Uolion^ûn^. 
TABLE b . i 
VALUES OF /e, AND T FCB WaLONQCHj 
ij ^ •ij^ /.} 
• 3 
5 
1 
T 
ij 
P 
1 
p 
2 3 
P 
4 1 5 
) 
p 
6 
i 
Ps 
i 
(P -T ) /T 
i i S 
0 3.6 0-5 0.8 0.5 0.5 0.5 
\ 
0.5 0.3 0.3 0.2 O.B 
1 20.9 2.6 2.3 2.5 2.3 4.6 4.4 2.2 2.0 0.6 4,6 
2 21.1 2.6 0 4.1 6.4 3.8 4.5 2.3 0 0 16.2 
3 16.6 2.1 0 4.6 4.8 0 1.8 5.4 0 0 20.1 
4 36-6 4.6 0 10.6 2.5 0 2.1 17.0 4.4 0 57.4 
5 15.7 2.0 0 5.5 0 0 2.2 8 .0 0 0 34.1 
6 5.0 0.6 0 5.0 0 0 0 0 0 0 36.5 
7 
1 
8,6 1.1 0 2.9 0 0 1.5 4 .2 0 0 17.3 
1 
8 11.8 1.5 0 4.1 0 0 3.3 4.4 0 0 19.8 
9 7.8 1.0 0 2.5 0 0 0 5.3 0 0 26.7 
10 7.2 0.9 0 1.3 0 0 0 5.9 0 0 8 .2 
11 4.1 0.5 0 0.7 0 
i 
0 1 0 3.4 0 0 19.9 
12 1,91 0.2 1 0 0.5 
> 
0 0 1 0 1.4! 0 0 i 8.9 
X = 
df = 91 
p 0.001 
because of new housing developments or other factors. 
2 
5 . 3 . 6 The % Measure for Wollongong 
2 • 
To simplify the calculation of t h e X measure 
of distortion for Wollongong, the centres of each of the 
combined census districts were considered to represent the 
position of the total population of each district. That is, 
no apportioning of population was made. This, of course, 
introduces an error but, as indicated above, the order of 
magnitude should be unchanged. 
Eight equally spaced lines were drawn from 
the city centre, the first in an easterly direction. The 
concentric circles used to calculate the original Clark 
model were also used. The value of the T becomes 
ij 
T = 1 P (j 0 , 1 , . . . , 1 2 ) 
ij 8 j 
th 
where P is the total population in the j ring. « 
J 
The results may be seen in Table 5 .1 opposite. 
2 
the value o f X obtained is and with 91 degrees of 
freedom^indicates a probability much less than 0.001. 
This confirms the previous statements that Wollongong is 
significantly distorted from circular symmetry. 
5.4 Comparison of Shape Distortion Measures 
Several measures of shape distortion have 
been discussed. Each in some way gives information about 
the shape of a city# 
The first measure or index I , the Boyce-
Clark index, being based on distances from the centre to 
the outer boundary, gives information about the geometric 
shape of that outer boundary, although dependent on a 
definition of both centre and outer boundary. It is simple 
to calculate, and while showing some variation according 
to the number of radii used, has a minimum of 0, and a 
maximum of 200. 
The Simmons' index, J , varies according to 
the type and scale of network used. It has a definite 
minimum of zero but a maximum depending on the scale of the 
network. 
The new measures of distortion suggested 
are based more on the distribution of people within the 
city rather than on the boundary. As a city may have a 
circular boundary centred on the city centre and yet also 
have large distortions from symmetry of population density 
inside its urbanised area, it is suggested that the measures 
put forward are of value along with the earlier measures. 
In particular the density difference index 
of distortion provides a means of testing the goodness of 
fit of a model based on the assumption of circular symmetry» 
2 
TheX measure of distortion being based on 
a well-known distribution function provides a means of 
measuring the significance of distortion. 
The application of these measures to the 
city of Wollongong reveals that it is rectangular rather than 
circular, that the Clark model derived from annular rings 
is not applicable despite the high negative correlation and 
that the distortion from circular symmetry is highly sig-
nificant (at the .001 level of significance). 
CONCLUSION 
Clark»5 model of the spatial pattern of 
intra-urban population density distribution, namely, 
-bx 
y - Ae , 
has been widely accepted in the literature as a fundamental 
law. Indeed, many research workers (Berry et al, 1963, 
Muth, 1961, Winsborough, 1962, and others) have sought 
explanations for its oppcrent universal application. 
It must be remembered, however, that the 
development of such a model involves two distinct steps. 
The real city with its many irregularities due to localised 
variations is first replaced by a hypothetical city which is 
regular or perhaps, symmetrical in some way. Ihis hypothetical 
city must, of course, retain certain essential features of 
the real city. 
Ihen, for this regular hypothetical city, 
a density function is derived by finding a suitable curve 
or surface to fit the data. This density function is the 
required model. 
Clark (1951) put forward the negative ex-
ponential function as the curve of best fit assuming circular 
s^ymmetry for the hypothetical city which retains the 
same average density of population at the centre and at 
each mile radius as the real city. Newling (1969), however, 
uses Clark's data and claims that a better fit is obtained 
using the density function, 
2 
bx-cx 
y = Ae 
giving a better estimate of the spatial pattern at the 
city centre. 
Sherratt (1960), also using a circularly 
symmetric city and average densities, favours a normal 
distribution of population density and suggested the density 
function, 2 2 -r /7S 
y = Ae 
as a suitable universal pattern of density distribution. 
It can be seen that even with agreement on 
the replacement of the real city by a circularly symmetric 
one, the selection of the curve of best fit varies. 
Other types of models have been proposed. 
Gurevich and Saushkin (1966) have outlined an approach 
based on isolines of equal density. With the basic 
assumption that density drops with distance from the city 
centre, they have postulated four major city types and 
have given examples of each. In practice, one presumes, 
the isolines of equal density for a city would be drawn. 
This would give an irregular pattern which would have to 
be approximated by a regular hypothetical one and the 
density function calculated as before. Gurevich and 
Saushkin do not offer any method of achieving this, except, 
perhaps, a comparison with a set of hypothetical patterns 
theoretically calculated. Thus their work, althou^ self-
consistent, seems to have little practical value. It does, 
however, point up the question of assuming circular symmetry 
for all cities. 
The extension of this work by Gurevich is 
marred by inconsistency and mathematical errors. 
Dacey's multicentred model is also of 
little practical value unless one is considering a city 
with known, and mutually exclusive subpopulations. His 
mathematical expressions are unfortunately confused. 
The trend surface model approximates the 
real city to a polynomial surface and the computer progranme 
available enables the sáection of the simplest form which 
significantly describes most of the variation. For this 
model there is no primary replacement by a hypothetical city 
to gain data for curve fitting. There is, however, an 
assumption thrt ihe polynomial surface is the basic spatial 
pattern. This model is the only one which gives some measure 
of goodness of f i t . 
For the Clark model there is a suggestion 
(Berry et al, 1963) that the correlatidin between density 
and distance from the city centre measures the f it of the 
model. This however, is in terms of the fit of the model 
to the hypothetical city; not the real one if the real city 
is markedly distorted from circular symmetry. As indicated 
in Berry and Horton (1970) there is apparently some difficulty 
in accepting circular symmetry, which is overcome by dividing 
the city into segments with different parameters for the 
negative exponential function for each segment. 
Newling (1969) offers no measure of goodness 
of fit for his model. He even rejects certain data to-
wards the outer edge of cities claiming these densities to 
be not truly urban. 
The measure of goodness of fit must, of 
course, be related to the use to which the model is to be 
put. Wilkins and the present author (1969) have shown 
Clark*s model to be an expression of the average pattern 
of density distrüiiition. Provided one is discussing the city, 
as a whole or from the centre to a given radius it will fit 
well. Ihe difficulty arises when only a part of the city is 
being considered particularly if the city is markedly dis-
torted from circular symmetry. Even so, the models of both 
Mewling and Sherratt could also be considered to be an expression 
of the average pattern and one is left with the problem of 
selection. 
In attempting to find a suitable model for 
Wollongong several approaches were used. The methodology 
of Clark was used to calculate three models. The first, 
based on the average density over annular rings, namely 
-0.38r 
y =r 3,49e 
gave the high correlation of -0.94. This model is quite 
obviously a poor one for the Wollongong area because of the 
large uninhabited areas in those rings after the first which 
result in false densities. Ihis emphasises both the average 
nature of Clark's model and also the need for a measure of 
distortion from circular symmetry. The goodness of fit as 
tested by the density per radian was shown to be poor. 
Instead of replacing Wollongong by a 
circularly symmetric city, a new approach was tried. The 
city was assumed to be basically rectangular in shape, and 
four rectilinear models were developed. Of these, the best 
fit was found to be the rectilinear model 2, 
~0.28r 
A O . O T e for r north 
y = ] -O.lSr 
i 4.47e for r south, 
where two density functions were found, one for the northern 
section of the city and one for the southern section. The 
city has, therefore, been replaced by two rectangles, the 
northern of width 2.2 miles and the southern of width 3.3 
miles. The goodness of fit was calculated on the basis of 
the best estimation of total population. 
For each of the rectilinear models 1,2 and 3 
a better fit was obtained for the northern section of the 
city. This is the older part of the city» The southern 
section is distorted by the lake, the extensive industrial 
and recreational areas and the large areas of Housing 
Commission development around the lake. 
An individual density function for Wollongong 
was calculated using the sum of normal curves for a rectilinear 
2 
city. Ihis function -a (x-c ) 
9 i i 
y = IT A e 
i=rl i 
gave a good fit but is, of course, a particular function 
for a particular city at a particular time and not generally 
applicable. 
The trend surface model derived was of the 
second order but the goodness of fit was relatively low, 
only 21 •'2$ of the variation being explained by the model. 
Both the trend surface model and the sum of 
normal curves model proved to be difficult to apply. The 
trend surface model also presented boundary problems. 
It would seem that the rectilinear model 2 
has merit in that it presents a better picture of the true 
distribution of population than the circular one. 
For applied problems the choice of model 
for a city is important. To illustrate this, the effect 
of substituting Clark's model for that of Sherratt when 
estimating the number of casualties in a nuclear weapon 
attack was explored theoretically and the variation of 
results for Wollongong using different models was demonstrated. 
For such problems a density function tailored for the in-
dividual city rather than s generalised function is to be 
preferred. 
If a model based on circular symmetry is 
to be applied to a city with confidence some measure of 
distortion is needed. This measure should be in terms of 
population distribution rather than geometric shape. 
Of the three measures proposed, the variance 
index and the density difference index lack reference points. 
The density difference index for Wollongong showed clearly 
that a density function based on circular symmetry is un-
suitable. It would, however, be a less effective measure 
in more marginal cases. 
2 
The X method of measuring distortion as 
outlined in this thesis does not suffer in this way. The 
2 
X function is well known and has wide application. In this 
situation, its ability to measure the significance of dis-
tortion adds to its value. 
APPENDIX A 
CRITERIA FOR THE DELIMITAnON OF URBAN BOUNDARIES 
RESOLUnONS OF THE IWENTY-SEVENTH CONFERENCE OF 
STATISTICIAN^ - AUGUST, 1965 
Resolution 1 (a) That the concept of an inner and an 
outer boundary around each of the 
State capitals and other cities with 
an urban population of at least 75,000 
and a regional population of at least 
100,000 be adopted, and 
(b) That the inner boundary be drawn to de-
limit the extent of urban development 
at each Census and it would, therefore, 
be a moving boundary to be adjusted 
after each Census, except that any State 
may extend the inner boundary during 
inter-censal years to encompass sig-
nificant and well-defined peripheral 
population growth, and 
(c) That the outer boundary be designed to 
contain the anticipated urban develop-
ment of the city for a period of at 
Resolution 2 (aj) 
(b) 
Resolution'--3 (a) 
least twenty to thirty years. 
That an urban boundary be defined as 
soon as possible for all other 
settlements with a population of 
1,000 or more, and 
Ihat State, Statistical Division, 
Local Government Area, and other 
boundaries be ignored in delimiting 
these urban areas. 
That urban boundaries be defined so as 
to include all contiguous census 
collector's districts wdiich have a 
population density of 500 or more per 
square mile, but that in applying ihis 
basic criterion, the following additional 
criteria and rules shall be taken into 
account:-
(i) Land used for factories, airports, 
small sports areas, cemeteries, 
hostels, institutions, prisons, 
military camps and certain research 
stations shall be treated as being 
used for urban purposes if such 
land is contiguous with collector's 
districts which conform with density 
and other criteria; 
(ii) Any area which does not conform 
with the population density 
criterion, and in which land is 
used for large sporting areas, 
explosives handling and munitions 
areas, large parks, holding paddocks 
and reservoirs, must be excluded 
from the urban area, unless it 
is bordered on three sides by 
collector's districts forming 
part of the urban area; 
(iii) Any area which does not conform 
with the population density and 
land-use criteria, but which is 
completely surrounded by land in-
cluded in an urban area, must be 
included in that urban area; 
(iv) If a collector's district, which 
would have been excluded from an 
urban area under other criteria, 
forms an indentation into an 
urban area which is less than one 
mile wide at the open end, it 
must be included in the urban 
area if a suitable boundary can 
be defined across the open endj 
(v) Where there is a gap in urban 
development which is less than 
two miles (by the shortest rail 
or road distance) between the 
edge of one area of urban devel-
opment and another, the gap is 
to be ignored and the urban areas 
treated as contiguous; if there 
is a gap of two or more miles 
between two urban reas, those 
urban areas are to be treated as 
separate urban areas even if the 
gap comprises mainly reserved land 
or a natural barrier; 
(vi) Holiday resorts shall be recognised 
as urban on a dwellings rather 
than population density criterion, 
but care must be taken to omit 
decaying mining towns and the like 
in applying this criterion. Such 
resorts should be classed as urban 
if they have 250 or more dwellings 
(with at least 100 occupied dwellings) 
on Census night and have a recog-
nisable core, except that where 
a holiday resort adjoins an urban 
area5 it shall be encompassed by 
the urban boundary if it has a 
density of 125 or more dwellings 
per square milej 
Summary of Criteria Adopted for the 1966 Census 
INVESTIGAHON OF OVERSEA PRACHCE reveals that 
a wide range of criteria has been used by various countries 
in attempting to delimit urban boundaries. Amongst these 
criteria are such things as occupation, commuting patterns, 
commercial relationships (as revealed by stores accounts, 
telephone calls, etc) and population density. In general 
these efforts have resulted in systems which are highly 
complex (because of the use of a combination of criteria) 
and subjective (because of the lack of adequate information 
for particular criteria). Some of the required information 
has to be gathered fran external sources, adding greatly to 
the cost of determining boundaries, whilst much of the in-
formation which becomes available from the Census itself 
(e.g. commuting or occupational patterns) is of a complex 
nature and, even with computer processing, would not be 
available until a year or more after the Census. 
THE BASIC CRITERION ADOPTED IN AUSTRALIA for 
the delimitation of urban boundaries is population DENSITY 
as applied to small areas. As urbanization mncreases, the 
change from rural to urban uses is accompanied by increasing 
population density. Extensive field investigations have 
shown that areas at the fringe which have largely lost their 
rural characteristics and are developing towards urbanization 
have densities which vary over only a relatively small range. 
The adoption of a specific density from within that range 
therefore provides a criterion which adequately delimits urban 
boundaries and which can be applied objectively and uniformly 
without undue difficulty or delay. 
A density of 500 persons per square mile has 
been adopted as the criterion. 
THE GEOaiAPHIC UNITS to be classified according 
to the density criterion are collector's districts, the smallest 
units available. These areas vary in size and shape, but as 
far as possible they have been designed to ensure that significant 
urban development in large rural collector's districts is 
split off as a separate collector's district, particular 
rules apply to contiguous areas which have special functions 
but which do not meet the density criterion, such as airports, 
sporting areas and industrial areas. In addition, a dwelling 
density criterion is applied to holiday areas which may be 
below population density because the Census is taken in mid-
week and during the winter. 
THE BOUNDARY OF AN URBAN CENTRE is, therefore, the 
peripheral boundary of an aggregate of contiguous urban 
collector's districts. The boundary is a moving one which 
reflects the process of urbanization. The use of objective 
criteria enables valid comparisons to be made between one 
urban centre and another, and between the population for an 
urban centre at one Census with the populations at succeeding 
Censuses. Comparable information for the 1961 Census has 
also been prepared, althou^, because 1961 collector's 
districts were not especially designed for this purpose, 
some estimations have had to be made. 
are shownt 
APPENDIX B 
DATA FO^ V\}OLLONGONG 
For each combined census district the following data 
P ST the population 
D =s the number of dwellings 
A ^ the area in square miles 
d sr the density of population in 
thousands per square mile 
x,y the distances in miles from the 
arbitrary axes of reference 
of its centre 
r = the distance in miles from the city 
centre 
District A P d i D X Ly, r j 
22Lh 1.24 499 0.40 245 2.3 24.9 11.6 
i 0.66 786 1.19 277 2.1 24.0 lO.T 
i •• 0^49 610 1.24 209 2.1 1 \ 
10.0 
k 0.58 650 1.12 211 2.0 22.9 9.6 
1 0#42 452 1.08 150 1 
1.6 22.0 8.9 
m ' oas 941 ¡5.23 i 351 i 
: 1 
1.8 
1 i 
22.0 8.8 ; i 
m» 
A F J, P, ,„. X V T 
2m uu 1605 4 « 8 ¡ 1 » 4 1 2 1 . 0 8 . 0 
b 0 . 1 8 1125 3T5 2 1 . 6 
c 0.46 1437 3.12 590 1.9 20.9 7.7 
d 0.42 1113 2.65 341 1.3 20.6 7.6 
G 0.67 838 1.25 248 1.3 20.3 7.3 
f 0.22 1186 1 5.39 296 1.9 20.2 7.0 
g 0.23 916 3.98 271 2.1 19.8 6.5 
h 0.24 911 3.80 250 2.1 19.3 6.1 
i 0.20 1069 5.35 342 1.6 19.4 6.3 
5 1.54 1903 1.24 545 1.2 19.1 6.1 
21Ba 0.59 1536 2.60 411 2.4 18.6 5.4 
b 0.30 1094 3.65 306 2.5 17.6 4.4 
c 0.18 1282 7.11 361 2.5 16.8 3,6 
d 0.19 1109 5.84 295 2.7 17.0 3.8 
e 0.50 1875 
i 
3.75 538 2.9 16.9 3.7 
f 0.23 : 1574 6.84 418 2.7 16.4 3.1 
g 0.25 : 1065 4.26 275 2.8 16.1 2.8 
h,i 0.72 2881 4.00 338 2.9 15.5 2.2 
21Ca 0.22 1102 1 5.01 ! 302 2.0 18.8 5.6 
b i i 
1 
O.IS \ 
\ 
1465 8.14 
j 
392 
» 1 
2.0 18.4 5 .2 
i 
c • 
i 
1.75 1 1182 0.68 346 1.6 ¡ 
! 
17.9 4.9 
Î40, 
nistrict. A. A . .12 X Y r 
d 0 3 5 X27I 3«63 337 1.9 17.9 4,a 
e 0.23 1477 6^42 399 2.1 17.5 4;4 
f oa4 904 6,46 251 2.1 17.2 4 a 
0.17 1015 5.97 297 2.1 16.9 3.8 
h 0,21 734 3.50 206 2.0 16.5 3.5 
i 1.03 1370 1.33 367 1.5 16.3 3.5I 
I 
5 0.53 1128 2.13 352 1.7 16.8 
i 
3,8 
k 0.63 1124 1.78 311 1.6 17.2 4.2 
21Da 0.28 1893 6.76 532 2.0 15.8 2.8 
b 0.79 1756 2.22 498 1.6 15.7 3.0: 
c 0.71 1142 1.61 340 1.4 15.1 2.6 
d 0.37 2587 6.99 671 2.1 15.4 2.4 
e 0A6 1169 7.31 308 2.0 14.9 2.0 
f 0.49 1172 2.39 332 2.5 14.8 1.7 
g 0.20 1153 5.77 329 2.7 15,2 1.9 
h 0.08 576 7.20 167 2.4 15.8 2,6 
• 
1 oaB. 1312 7.29 380 2.3 16.1 3.0 
21Ea 0.36 1307 3.63 351 1.5 14.7 2.4 
b 0.49 2076 4.24 600 1.7 13.1 1.7 
c 0.39 1686 5.27 462 1.4 12.8 2^0 
) 
d 0.93 1693 1 1.82 470 1 1.9 1 12.5 1.6 
14X. 
District A P d D X y . r 
e 0.30 
I 
1899 6.33 524 1.8 12.1 2.0 
h 1.10 2164 1.97 521 0.7 9^7 4.6 
i 0.33 2135 6.47 530 1.5 10.3 3.6 
j 0.42 1815 4.32 452 1.6 10.8 3.2 
21Fer 0.33 1553 4.71 455 2.3 14.1 1.3 
b 0.12 1035 8.63 310 2.1 13.7 1.3 
c 0.22 1245 5.66 367 2.3 13.6 1.1 
d 0.16 717 .4.48 217 2.8 13.9 0.7 
e,f 0.11 1638 L4.,89 371 2.9 13.3 0.5 
0.14 1125 8.04 360 2.5 13.1 0.9 
h 0.26 1283 4.93 413 2.2 13.0 1.2 
i 0.18 1153 6.41 384 2.5 12.7 1.1 
5 0.29 1441 4.97 450 2.7 11.9 1.1 
k 0.14 1163 8^1- 336 3.2 12.6 1.8 
1 0.12 1031 8.59 317 3.1 13.0 
1 
0.4 
21Ga 0.16 917 5.73 332 3.3 13.9 0.6 
b 0.10 727 7.27 266 3.2 14.0 0.7 
c 0.07 874 12^49 359 14.1 0.8 
d 0.12 1458 12.15 536 3.6 13.9 0.6 
e 0.11 452 4.11 116 
i 
3.2 13.8 0.4 
£ 0.07 548 7.83 201 3.2 13.4 0.1 
g 0.09 785 I 6.72 1 298 3.4 1 13.6 1 0.2 
D i s t r i c t A P 
142 
d 
» 
D X Y r 
h 0.14 753 5.38 249 3 .7 13.8 
i 
0 .5 
i o a o 524 5.24 203 3 . 6 13.2 0 .3 
j 0.07 303 4.33 99 3 .3 13.1 0 . 2 
k o a i 972 8.84 ^ 9 3 . 5 12.8 0.7 
1 0.14 1493 10.66 433 3 .7 12.9 0 .6 
2lHa 2.19 656 6.30 240 3 . 9 13.0 0 .6 
b 0.29 1828 6.30 509 2.9 12.8 1.3 
c 0.13 1247 9.59 351 2.8 11.9 1.8 
0.26 943 3.63 256 2 .0 12.0 1.8 
dg^e 1.29 1325 1.03 250 3 . 1 10.8 2 .6 
1.45 595 0.41 85 2.9 10.4 3 . 0 
92,h 0.14 2291 16.36 250 2.8 9 .1 4.3 
• 1 0.84 2442 2.91 534 2.1 9 ,0 4 .5 
i 2.03 3717 1.83 818 2.4 8.7 4 .8 
2112F 0.38 1156 3.04 237 3 .5 10.2 3 . 1 
b 0.74 1409 1.90 322 3.6 9 .9 3 . 5 
c 0.53 1360 2.57 295 3.8 10.0 3 .4 
d 0.14 1736 12.40 435 4.3 9.6 3.9 
e 0.11 1294 11.76 329 4.7 9.7 3 . 9 
f 0.26 2078 7.99 486 4.5 9.0 4.4 
g 0.45 2906 6.46 712 4.1 9 .2 4 . 2 
1 h 11.76 2606 0.22 669 ; 3 .5 9.0 I 4.4 
D i s t r i c t A F . d D X Y r 
2Ua 1.87 889 0 .48 192 4 . 7 10.4 3 . 2 
c 0 .62 1115 1 .80 316 6 . 0 10.2 4 . 1 
d 0 .19 1797 9 .46 474 5 .8 10.0 4 . 1 
e 0 . 1 2 1501 12.51 379 5 . 4 9 . 9 4 . 0 
f 0 .23 1294 5 .63 322 5 . 0 9 .8 3 . 8 
g 1.01 1394 1 .38 274 5 . 2 9 .4 4 . 4 
h 1.37 1874 1.37 528 4 . 7 8 . 3 5 .3 
i 0 .54 1905 3 .53 621 5 . 2 6 .3 7 . 2 
20HC 0.28 1455 . 5 .20 416 0 .3 6 . 9 7 . 1 
d 2.37 2260 1.00 568 1 .3 7 . 1 6 .7 
e 0 .84 1479 1.76 411 0 .3 6 . 5 7 . 6 
f l e 2 0 .42 1799 4 .28 483 0 .4 5 . 6 7 . 9 
3 .78 1421 0 .36 324 2 .4 1 .5 12 .0 
• 
3 2.15 1820 0 .85 496 2 .5 2 .8 10.6 
20ía 0.63 1835 2 .91 540 3 . 3 3 . 2 10 .2 
h 0.43 1528 3 . 5 5 412 3 . 8 3 . 4 10.1 
2 .41 1288 0.54 310 5 .7 3 . 8 9 .8 
0 .13 994 7 .65 251 5 . 2 4 . 3 9 .3 
C3e4 0 .25 1138 4 .55 242 5 . 1 4 .7 8 . 8 
2.17 
¡ 1 
1306 i 0 .60 281 4 .3 4 . 6 8 . 8 
»,7,8 0 .54 1 3702 1 6 .86 J 815 4 .9 5 . 2 I 8 . 4 i 
im* 
str ic i fi P d D X X  r r 
d 0.24 718 2.99 278 
} 
5.3 
i t 
8.4 
9 0.17 1004 MI 279 5*7 4.9 8 .8 
f o . a 1012 4.40 335 5.7 4 .5 9 .2 
0.48 1297 2.70 416 5.9 4 .0 9.7 
h 0.18 771 4.28 241 6,5 3.3 10.6 
i 0.24 
. 
851 a.55 270 6.7 
1 
3.1 10.8 
14x5» 
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A COMPARISON OF ESTIMATES OF NUCLEAR BOMB 
CASUALTIES FROM TW O DIFFERENT URBAN MODELS 
C. A. Wrlkihs, J . A. Shaw, and A. Keane 
Wollongong University College, Wollongong, New South Wales, Australia 
(Received June 12, 1968) 
Expected numbers of human casualties in a single-bomb nuclear attack 
upon a symmetric city are calculated using SHERRATT'S AND CLARK'S models 
and for various distances between the city center and ground zero. The 
calculated results indicate that considerable error may arise in practical 
cases from the unjustified use of Sherratt 's model. 
J J. HUXTERf^i has developed an interesting analytical technique for estimating • the casualties in a nuclear attack on an urban center, in which the casualty func-
tion is approximated by an exponential or sum of exponential functions, while the 
iX)pulation density is taken to be of SHERRATT'S form.i^l Hunter has pointed out 
that some cities are undoubtedly better represented by CLARK'S modeU'^ than by 
Sherratt 's and, in this connection, WEISS^^^ has observed that Clark's fitted well to 
Sydney in 1947. 
Thus, it is desirable to compare the number of casualties given by Hunter 's 
approach with those given by Clark's model. For this purpose, we consider a 
symmetric city of central density A and, as usual with these population models, 
taker; as heir g infinite in extent, while the attack consists of one bomb dropped a t a 
variable distance R from the city center. For the casualty function, Hunter 's 
siiigie-term approximation is used, and aiming error is neglected. 
THE EXPECTED NCMBER OF CASUALTIES AND NUMERICAL 
COMPARISON 
IF THE probability that a person a distance r from ground zero will be a casualty 
has the expi c a constant, and the popuhition density at the point 
y) is .-lexp! - + /2\, b a con>tant, then the total number of casualities 
is given bv'-^ 
924 Letters to the Editor 
N,=^Ai I exp{-(x^-\-yi)b^/2-c{x-R)*~cy^ dxdy 
J-xJ—00 
=2xA (65+2c)-iexp { - c R ^ ^ i h ^ } . 
The origin is taken at the city center and the positive x-axis is through ground zero. 
The population density in (1) is the sjTnmetric case of Sherratt's form. How-
TABLE I 
* b = 0 . 2 5 b = 0.45 b = 0 - 7 S 
J? xv 
N. Nc N. Ns Nc 
O 2 5 . 9 1 0 1 7 . 9 6 3 1 6 . 4 2 7 1 1 . 3 8 7 8 . 4 6 2 6 . 4 5 0 
0 . 5 2 5 . 7 6 0 1 7 . 8 4 3 1 6 , 2 3 2 1 1 . 2 6 7 8 . 3 1 9 6 . 3 6 8 
I . O 2 5 - 3 1 6 1 7 . 4 9 1 1 5 . 6 6 2 1 0 . 9 1 7 7 . 9 0 5 6 . 1 0 0 
1 - 5 2 4 - 5 9 2 1 6 . 9 2 7 1 4 . 7 5 7 1 0 . 3 6 2 7 . 2 5 9 5 . 6 8 0 
2 . 0 2 3 . 6 1 4 1 6 . 1 8 1 1 3 . 5 7 6 9 . 6 4 1 6 . 4 4 2 5 . 1 4 3 
2 . 5 2 2 . 4 1 3 1 5 . 2 8 7 1 2 . 1 9 6 8 . 7 9 9 5 . 5 2 6 4 . 5 3 2 
3 0 2 1 . 0 2 8 1 4 . 2 7 4 1 0 . 6 9 8 7 . 8 8 3 4 . 5 8 1 3 . 8 9 0 
3 - 5 1 9 - 5 0 1 1 3 . 1 5 9 9 . 1 6 4 6 . 9 3 4 3 - 6 7 1 3 . 2 5 2 
4 . 0 1 7 . 8 7 7 I I . 9 5 1 7 . 6 6 4 5 . 9 8 4 2 . 8 4 3 2 . 6 5 2 
4 . 5 1 6 . 1 9 8 1 0 . 6 5 2 6 - 2 5 9 5 . 0 6 0 2 . 1 2 8 2 . 1 0 8 
S'O 1 4 . 5 0 8 9 . 2 7 4 4 . 9 9 2 4 . 1 8 1 1 - 5 3 9 1 - 6 3 3 
5 - 5 1 2 . 8 4 5 7 . 8 4 6 3 . 8 8 7 3 . 3 6 5 1 . 0 7 6 1 - 2 3 1 
6 . 0 I I . 2 4 1 6 . 4 1 7 2 . 9 5 5 2 . 6 2 7 0 . 7 2 7 0 . 9 0 2 
6 . 5 9 . 7 2 4 5 . 0 5 0 2 . 1 9 4 1 . 9 8 3 0 . 4 7 5 0 . 6 4 1 
7 . 0 8 - 3 1 5 3 - 8 1 0 1 . 5 9 1 1 . 4 4 1 0 . 3 0 0 0 . 4 4 0 
7 - 5 7 . 0 2 8 2 . 7 4 7 i 1 . 1 2 6 1 . 0 0 5 0 . 1 8 3 0 . 2 9 2 
8 . 0 5 . 8 7 1 1 . 8 8 8 0 . 7 7 8 0 . 6 7 1 0 . 1 0 8 0 . 1 8 6 
8 . 5 4 - 8 4 9 1 . 2 3 6 0 . 5 2 5 0 . 4 2 8 0 . 0 6 1 0 . 1 1 4 
9 . 0 3 - 9 5 8 0 . 7 6 9 0 . 3 4 6 0 . 2 6 1 0 . 0 3 4 0 . 0 6 7 
9 - 5 3 - 1 9 4 0 . 4 5 5 0 . 2 2 3 0 . 1 5 1 0 . 0 1 8 0 . 0 3 7 
1 0 . 0 2 - 5 4 7 0 . 2 5 5 0 . 1 4 0 0 . 0 8 3 0 . 0 0 9 0 . 0 2 0 
ever, if Clark's is adopted so that the population density at (x, y) is 
ex'p{ — t h e n the number of casualties is given by 
. . - . f ' f 
Jn Jn 
expl-rb-c(ri-2rRcose-^R^) rdrdB. (2) 
This may be expressed as 
i . O 
t 
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where a = and 
Jo 
h and / i are, respectively, (H)erfc(a \ /c) \ / (^ /c) and exp{-ca2J / (2c) -a /o , 
so the 11+2 are easily determined. 
Nc and A", depend on the parameters 6, c, and R. The central density A 
is essentially just a scaling factor as far as any comparison is concerned, so it was 
given the value 1 in the computations. Since the total population does not depend 
on which model is used, h is the same for Nc as for N,y and was given the values 
0.25, 0.45, and 0.75. These values were chosen from Clark's results^^^ to give a 
reasonable coverage of modern cities. The bomb parameter c was fixed at 0.09/ 
mile^, as Hunter's results^^^ indicated this to be fairly representative. The numerical 
results are shown in Table 1. 
CONCLUSION 
T H E CITY is more concentrated according to the Sherratt model than it is according 
to the Clark model, and the calculated results indicate that the use of expression 
(1) to derive the estimated number of casualties when a nuclear bomb is exploded 
often gives results significantly greater than those obtained using expression (2). 
This difference is greatest when b is small and when the bomb is dropped close to 
the cit}' center. 
As a practical example, the values of A and b for Sydney (1947) have been 
given^^^ as 30 and 0.25, respectively. For a centrally directed attack, and giving A 
its true value, the estimated number of casualties using (2) is about 539,000 while 
(1) gives about 777,000. 
Similarly, in 1947, the values of A and h for Brisbane are given^^I as 40 and 0.75. 
The estimated casualities derived from expressions (1) and (2) are 340,000 and 
260,000 respectively-
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JOVRXAL OF liEGIOXAL HCIEXCE, VO!.. S, XO. Z, i¥;H 
AN EXAMPLE TO ILLUSTRATE THE "AVERAGE" .\Ai LRE 
OF CL.\RK'S LAW OF URB/LX POPULATIONS 
C. A. ^ ilkins and J. A. Shaw* 
The basic result for much modem work in urban geography is Clark's finding 
[1] that for many cities, the density steadily declines as we approach the outer 
suburbs from the central business district, and that this decline follows an expo-
nential law. Clark expressed his result in the form 
(1) 
where y is the density of resident population in suitable units, x is the distance from 
the center of the city, and A and h are constants. This equation does not usually 
strictly apply in the sparsely populated central business district. 
It is \\-idely recognized and is obvious from Clark's o^n work that his result (1) 
is a statement about the average value of the population densities at points at 
distance x from the city center. As one of the present authors has pointed out [2], 
it should be expressed (with an ob\dous modification if the city and its representation 
do not extend through a full 360 degrees) as 
(2) ~ i ^ d{r,e) de = Ae^' 
ATT Jn 
where (r, d) are the polar coordinates of a point at distance r from the city center 
(which is taken as the pole or origin) in the direction d, and d{r, d) is the density at 
that point. 
Unfortunately, some recent treatments have tended to obscure the true nature 
of Équation (1). In particular, Gurevich and Saushkin [3] adopt an approach based 
¡1 on a city's isolines or lines of equal density of population. They make the usual 
''-̂ assumption that the city population density may be treated as being continuous, 
and use a logarithmic rate of dechne of density given by 
(3) - T{r, S) = [d{r, 0)r[ai/(r, e)/dr] 
This rate is assumed to be non-negative. In terms of T, d{r, d) for "single-center" 
cities is given by the equation 
(4) d{r, e) = Ae-Zo î"-'̂ '̂  
As T is assumed to be non-negative, di^r, 6) is a non-incrcasiiig fuuctioti o f r for any 
* The authors are Associate Professor of Mathematics and graduate at Wo'.lon-
gong Univerbity College, respectivr-ly. 
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FIGURE 1 : Graph (diagraminatic only) of Z against Q. 
fixed value of 0 so long as we do not go outside the city area. Gurevich and Saushkin 
[3] classify cities according to the nature of T. For their Type 1, T is a constant 
(say Tc), i.e., there is "a constant rate of decrease of population density from the 
center to the outer boundary' along any r a y . . . F o r such cities, the isolines are 
obviouslĵ  concentric circles, or arcs of such, with their common center at the pole. 
The3' call members of their Type 1, "Clark tj-̂ pe" cities. 
Although the discussion of Gurevich and Saushkin is quite logical and self-
consistent, it appears to the present authors that their nomenclature is rather un-
fortunate, as a city may satisfy Equation (2) to an acceptable degree of accuracy 
without satisfjing Equation (4) with T = Te. A city may in faxît be quite asjmi-
metric and still satisf\" Clark's original law. 
As a simple example of this behavior, consider a hypothetical city with central 
density 1 in which ~ " 
(5) d(r, 6) = -[-'(1 - 6} 
where 6 is a positive constant. For convenience only, the city is assumed to extend to 
infinity in all directions. 
-ifnCl-Cnc) 
FIGURE 2: Graph (diagrammatic only) of hr against 6. 
WILKINS AND SHAW: CLARK'S LAW OF URBAN POPCXATIONS 2o7 
As given by Equation (5), d{r, B) gives a continuous surface. The density is 
strictly decreasing along any ray as r increases from zero, for 
(6) dd{r, d)/dr = + sin (9(1 -
. which is < 0 except where r = 0 and $ — 7r/2. 
For a discussion of the isolines it is convenient to introduce a new variable, 
(7) 2 = e - " 
SO that for the isoKne along which ¿(r, d) has the value A;(0 < k < I), z and 6 axe 
related by 
(8) sin d = ( k / z ) + (1 - k ) / ( z - 1) 
Then 
(9) dS/dz = ( - 1 / c o s d)[ik/z') + (1 - k ) / { z - 1)'] 
From Equations (8) and (9), it foliow^s that the graph of z against 0 is as indi-
cated in Figure 1. Note that, were a city of Gurevich and Saushkin's Type 1, the 
plot of z against 6 would be a straight line. 
The equation of an isoline d{r, 6) = k is given by the appropriate solution of 
Equation (8) for z and conversion back to the polar variable r. I t is 
6r = In 2 - In ({1 + sin 0 - [1 + 2(1 - sin 19 + sin V s i n d) 
The graph of hr against 6 is sketched in Figure 2, and in Figures 3(a)-3(c), graphs 
are given of the isolines for k = 0.01, 0.50, 0.99. It is to be noted that for small k 
(10) - h i [ l - (1 - A:)'̂ '] = -k i f c + hi2 
So the isoline for a small value of k goes through the points ( — In 0), ([—In A: + 
In 2 + 8]/h, V2) , ( - In k/h, tt), and ( h i k/b, 3x/2), where 5 is a small quantity. 
For large k, the ratio ln[l — (1 — ^ is large, so that the point (—In 
[1 — (1 — t/2) is relatively considerably further away from the city center 
than the points on the isoline at 0 = 0, tt, 3 t /2 . 
f Note also that the "density of population per radian", or 
/-e+Af 0̂0 
l i m / / d{r,d)rdrdd/Ad 
• fl+ » 
n I 
AB-
is equal to 
( i m i l + ^ s m d ) 
which exhibits a considerable degree of oscillation. 
All the above points show that our hypothetical city has a rather complicated 
non-circular structure in fine detail. Yet on the other hand, 
rlr 
(11) / + (1 - e" '^ sin dd = 2x6 
Jo 
so it satisfies the original form of Clark's law. 
-br 
FIGURE 3a: Representative isoliiies; k = 0.01 for outer isoline, k = 0.50 
for inner isoline, 
FIGURE 3b: Isoline for k = 0.99. 
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FIGURE 3c: Magnification of isoline for k = 0.50. 
More complicated examples can easily be devised, but the simple one used 
suffices for present purposes. It illustrates the fact that though the isoline method is 
useful for some investigations, it may result in unnecessary complication and labor 
in others. 
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MEASURES OF SHAPE DISTORTION IN 
URBAN GEOGRAPHY 
C. A. WiLKiNS AND J. SHAW* 
Geography has always contained a 
mathematical element though the emphasis 
placed upon it has varied from period to 
period. As Raggett^ has pointed out, 'the 
geometrical tradition was basic to the original 
Greek conception of the subject, and many of 
the more successful attempts at geographical 
models have stemmed from this type of 
analysis'. As examples of such work, he cites 
the contributions of Christaller, Lewis, 
Wooldridge, Hagerstrand and Breisemeister. 
Branches of mathematics that are being used 
in geography today include topology, graph 
theory, linear programming and various 
statistical and stochastic subjects such as 
markov chains. 
To quote Haggett again, 'Models are made 
necessary by the complexity of reality'. Cities 
are very complex structures and so the urban 
geographer is making increasing use of 
mathematical models of cities. The basic 
model of the 'ideal city' is taken by various 
authors to be circularly symmetric about its 
centre. Unfortunately, real cities usually 
deviate from this ideal due to a variety of 
economic, physical or sociological factors. 
The problem thus arises of measuring this 
deviation to determine whether or not it is 
significantly high. 
To measure these distortions of cities from 
circular symmetry, Boyce and Clark,^ and 
Simmons,^ have suggested measures based on 
the geometric shape of the urbanized area 
rather than on the population distribution 
itself. These measures are approximate and 
should be regarded as approximations to 
idealized limiting measures, for which formu-
lae are derived below. In the remainder of the 
note, two other measures emphasizing the 
population distribution are suggested, the first 
* Dr C. A. Wilkins is Dire<tor of Gei eral Siv. at Mitchell Colh'ge of Advat!i-'>d Edui.'i. i: ar .. --.Joan Shaw is St-r'-ir Li.-turvr in • • -Wollui'„••.-t: . r- t .''I. -f 
of which is based on a least-squares approach 
and gives a rather simple form for cities 
obeying the well-known law established by 
C. Clark.^ The second one employs the chi-
squared technique and essentially treats 
circular symmetry as a statistical hypothesis 
to be subjected to test. This approach can be 
easily modified for cities on coastlines and in 
other special situations. 
The first measure we discuss is that 
suggested by Boyce and Clark.^ This is based 
upon the shape of the outer boundary' of the 
city and is defined by the equation 
where I is the measure and the 
Ri(i = 1, 2 , . . .n ) are the lengths of radial 
lines measured from the city centre to the 
boundary along equally spaced radiL 
For a given city with given centre and 
boundary, the Boyce-Clark measure is a 
function both of n and of the direction of the 
Ri. Obviously n should be as large as possible 
so that this measure is to be regarded as an 
approximation to a Umiting measure. If 
R(0) denotes the distance from the city centre 
to the boundary in the direction 6, (where 
R(0) is of course assumed single valued) and if 
we put 
- 1 T R = ^ j R(0)d8 
^ the arithmetic mean of R(6), 
then for Boyce and Clark's measure, using the 
elementary theory of the Riemann integral, 
hm T = — / R(0) - R dO 
In statistical terms, if vse consider 6 to be 
uniformly distributed o\er (0, 2 ~ ) , then the 
limiting value of Boyce's measure is 100 time-s 
the rat'o of tho nieaii \ariLui.̂ a of the ranoom 
\ariab.o lo -nean. 
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Simmons® devised a measure based more 
upon the area of a city than upon its 
boundary. His measure is defined as the 
ratio of the sum of distances of points, 
arranged in a regular network within the 
boundar}' of the city's urbanized area, from 
the city centre to the sum of distances of 
points in the same regular network from the 
centre of a circle of the same area as the 
city. In s)Tnbols, and using J for Simmons 
measure, 
J = 
n E Ri J 
n S r i 1 
where the Ri are the distances for the true 
city, and the ri for the circle. Here for a given 
city with-given centre and boundary, J is a 
function of n and of type of network, so again 
we look for the limiting form to remove this 
dépendance. 
Now as we have a regular network, we may 
imagine small areas attached to the points of 
the network, one area for each point and all 
areas of the same measure, say Sx.Sy. 
Then: 
S R i f f 
lim J = lim = ^ L ^ — y^ dx.dy 
S f i 1 
1 
Vt: = A 
where the top integral is taken over the cit>'''s 
urbanized area, and A is the magnitude of this 
area in suitable units. The origin of the 
rectangular co-ordinates x, y, must of course 
be taken at the given centre. 
In statistical terms, the limiting value of J is 
the ratio of the a\ erage value of the distance 
from the centre to a point taken at random in 
the city area (all points being equally likely) to 
the same average for the ideal circular city with 
same centre and area. 
Both I and J deal with the geometric shape 
of the city in relation to its centre and depend 
on the definitions of centre and outer 
boundar>'. (It is to be noted that a city circular 
in shape may conceivably still have its centre 
eccentrically placed.) 
Houe\er . useful as- the Boyce-ClaVk and 
Simmons measures are. there still remains the 
fairly circular about its centre although the 
distribution of population within this area is 
far from circularly symmetric. 
Now a city is circularly symmetric about its 
centre if and only if: 2-
d(r, 8) = ^ / d(r, 8) d6 
0 where r, 0 are the polar co-ordinates with the 
city centre as pole and d(r, 8) is the population 
density at the point (r, 6). If we adopt a least-
squares criterion, then the deviation from 
symmetry D, say, may be defined by the 
equation: 2- 00 
D = / / (d(r, 9) - ^ 7 m ^ f rdrde 
0 0 " 0 
^ / 7 d ^ ( r , e ) r d r d 6 - ¿ 
d(r, 6)dÔ p r d r 
As an example suppose Clark's law applies. 
Then^: 
1 r — J d(r, 6) d0 = Ae-t'^ 
where A and b are constants. So : 2-
rdr = l / ( 7 d ( r , e ) d e P^b^ 877-
where P is the total population of the city and 
using the common simplifying assumption 
that the city extends to infinity in all directions. 
(The modification to be made if one does not 
wish to use this assumption is easy.) 
In practice: 
diilx-ultv that a .^rbanized -'Mca ma\ be 
2- oo 
f f d2(r, 6) rdrd9 = 2 P V a i 
0 0 ' 
where Pi and ai are respectively the population 
and the area of the i-th census district. 
Hence: 
P2b2 D - S P^i/ai - ^ 
i Stt 
on the assumption that Clark's law applies and 
that without serious numerical error, the city 
may be considered to stretch to infinity in all 
directions. 
Another more statistical approach may be 
based upon the chi-squared statistic.*^ which 
may be used to compare the distri-
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bution of population with that expected in a 
circularly symmetric city. As an example of 
how this may be done imagine m concentric 
circles drawn with common centre at the city 
centre. Let Ri(i = 1, . . .m) be the radius of 
the i-th circle 
( O < R 1 < R 2 < . . . < R m - I < R m ) . Now let n half rays: 
r > 0 , 6 = e j J = l , 2 , . . . n , 0 - 6 i 
< 02 < . . . < en_i < 0 n < 277 
be drawn. Also let Ro = 0 and = 2». 
Let the i, j-th area Aij be the area 
determined by 
Ri_i < r < Ri, i = 1, 2 , . . .m 
and 
0j < 0 < 0 j v i , j = 1,2, . . . n 
Let Pij be the population of this ij-th area. 
According to the hypothesis of circular 
symmetry, we should have: 
p Qj^i - Qj y p Pii = 2 Pij 
j = i 
= Tij say 
The Tij are the theoretically expected popula-
tions, the Pij are the actually observed 
populations, so the chi-squared statistic is: 
= 2 ( P i j - T i j ) V T i i » .j 
This will be approximately distributed in a 
chi-squared distribution with m.n — m 
degrees of freedom and the usual chi-squared 
test may be applied. 
An error is of course introduced into the 
calculation of x^ through allotting to different 
Aij the people in a census tract that does not 
lie wholly within one such area. However, the 
X̂  as calculated should at least be of the same 
order of magnitude as the value that would be 
calculated were it feasible to determine 
absolutely precisely the number of people in 
each Aij. At the very least, the value of will 
be quahtatively informative. 
The modification of this y^ approach to 
cases of cities with their centres on coastlines 
consists of simply ignoring the irrelevant 
areas. This approach can also be used to 
investigate whether a city is symmetric out to 
some distance from the centre, and distorted 
from there outwards because of new housing 
developments or other factors. 
The new measures of distortion suggested 
here are based more on the distribution of 
people within the city rather than on the 
boundary. As a city may conceivably have a 
circular boundary centred on the cit\' centre, 
and yet also have large distortions from 
symmetry of population density inside its 
urbanized area, it is suggested that the 
measures put forw^ard in this note at least 
deserve to be considered along \sith the earlier 
measures in any investigation of geographic 
distortion of cities. 
I 
4. 
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